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Introduction 



Topological Quantum Field Theories (TQFT) are characterized by the na- 
ture of their observables, (correlation functions), which do not depend on 
local features of the space on which these theories are defined, but only on 
global quantities. In particular, this means that the observables are inde- 
pendent of any metric which may be used to define the classical theory. 

The origin of these theories has a purely mathematical nature and it was 
only later that their considerable physical relevance was realized. In fact, at 
the end of the 70's it was found that it is possible to analyze some features 
of Topology by using techniques of field theory. The birth of the TQFT's 
can be traced back to the works of Schwarz and Witten. It was Schwarz 
who showed in 1978 [T] that Ray-Singer torsion, a particular topological in- 
variant, could be represented as the partition function of a certain quantum 
field theory. Quite distinct from this observation was the work of Witten in 
1982 [2j, in which a framework was given for understanding Morse theory in 
terms of super symmetric quantum mechanics. 

Ever since then, techniques of field theory have been systematically used in 
order to tackle mathematical problems, especially concerning the three and 
four dimensional manifolds [3]. 

Specifically, this thesis deals with two topological models belonging to 
the topological theories of the Schwartz type: the Chern-Simons (CS) model 
(US] and the BF theory OE]. 

The CS model has considerable physical interest as well as mathematical. 
Indeed, this three-dimensional theory is closely related to the bi-dimensional 
conformal theories [7j and to the three-dimensional quantum gravity [8]. 
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Unlike the CS action, which can be defined only in three dimensions, the 
BF action exists in any space-time dimension and is similar, but in some 
cases also coincides with, the d-dimensional Einstein action. This action has 
appeared in various forms in different contexts, being responsible for novel 
statistics for stringy objects |9j or the theory of Josephson junction arrays 
|10j as well as for the classification of 2-knots 

More precisely, this thesis is concerned with the introduction of a bound- 
ary in these topological models. In the three following chapters, the non- 
abelian CS model, the non-abelian BF theory in three space-time dimensions 
and its abelian four-dimensional version will be analyzed. All these models 
shall be defined on a flat space with a planar boundary. 
The effect of a boundary is extremely interesting in TQFT's. Indeed, topo- 
logical theories are known to have local observables only when the base 
manifold has a boundary [7'j '12]. 

The introduction of a boundary in the CS theory has been investigated in 
[3 [12] , with the result that the local observables arising from the presence 
of the boundary are two-dimensional conserved chiral currents generating 
the Kac- Moody algebra [13] of the Wess-Zumino-Witten model [14j. 
The existence of a Kac-Moody algebra with central extension in the CS 
model with a boundary has led to some interesting applications due to the 
connection of the CS theory with several physical systems. In fact, follow- 
ing the equivalence between CS theory and three-dimensional gravity theory 
with a cosmological constant [SI [E] , it was stressed that the algebra plays a 
crucial role in understanding the statistical origin of the entropy of a black 
hole [16j . It is thus possible to use the algebra to compute the BTZ black 
hole (negative cosmological constant) entropy ^17j and the Kerr-de Sitter 
space (positive cosmological constant) entropy [TH] . 

Regarding the non-abelian BF theory in three dimensions, similarly, the 
existence of chiral currents living on the boundary and satisfying a Kac- 
Moody algebra with central extension [I9j was shown. 
Furthermore, also in the abelian four-dimensional BF theory the existence 
of an algebra of boundary observables [201 EI] was proved. 
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Both the three dimensional and the four-dimensional BF model with a 
boundary were used to find the boundary actions for theories of gravity 
with first order formulations |22j . 

However, the branch of physics in which the study of these theories with 
a boundary have aroused the most interest in recent decades is condensed 
matter, due to the discovery of a new state of matter in the early 1980's, 
which can not be described in terms of a symmetry breaking but in terms 
of the topological order. 

The starting point was, in 1981, the discovery of the quantum Hall effect 
(QHE) [23], a phase peculiar of three space-time dimensions. In the quan- 
tum Hall state, an external magnetic field perpendicular to an electron gas 
in two space dimensions causes the electrons to circulate in quantized orbits. 
The "bulk" of the electron gas is an insulator, but along its edge, electrons 
circulate in a direction that depends on the orientation of the magnetic field. 
The circulating edge states of the QHE are different from ordinary states of 
matter because they persist even in the presence of impurities. 
In contrast to the QHE, where the magnetic field breaks time-reversal (T) 
symmetry, a new class of T invariants systems, i.e., topological insulators 
(TI), has been predicted [Ml [2S] and experimentally observed [2S] in three 
space-time dimensions, leading to the quantum spin Hall effect (QSHE). At 
the boundary of these systems, one has helical states, namely electrons with 
opposite spin propagating in opposite directions. The presence of these edge 
currents with opposite chiralities leads to extremely peculiar current- voltage 
relationships in multi-terminal measurements. The experimental observa- 
tions support these theoretical predictions |26|. Also non trivial realization 
of TI's in four space-time dimensions have been conjectured and realized [27] . 

The low energy sector of these kind of materials is well described in terms 
of the CS model and the BF theory. Moreover, it is important to study these 
models in the presence of a boundary in order to analyze the dynamics of 
the edge states of these systems. 

In fact, it is well known that the edge dynamics of the QHE is successfully 
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described by the abelian CS theory with a boundary both in the integer and 
in the fractional regimes |28t I29j . In the case of three dimensional TI's an 
abelian doubled CS [23]) which is equivalent to a BF effective theory, has 
been introduced [5D1ET1I32]. Moreover, the authors of [3D] argued that the 
abelian four-dimensional BF theory could describe some features of TI's in 
three space dimensions. 

As is evident, the BF model seems to have a great potential in describ- 
ing T invariants topological states of matter and from this point came the 
inception of this thesis, whose main purpose is to systematically describe 
the dynamics on the boundary of the four-dimensional BF model in terms 
of principles of field theory. 

To fulfill this task, it is necessary to face a further problem, i.e., how the 
boundary can be introduced in the TQFT's. 

Indeed, the inclusion of a boundary in field theory is a highly complex task 
if one wishes to preserve locality and power counting, the most basic ingre- 
dients of Quantum Field Theory. 

In 1981 K. Symanzik [33] addressed this question: his key idea was to add 
to the bulk action a local boundary term which modifies the propagators of 
the fields in such a way that nothing propagates from one side of the bound- 
ary to the other. He called this property "separability" and showed that 
it requires the realizations of a well identified class of boundary conditions 
that can be implemented by a local bilinear interaction. 
These ideas inspired the authors of [121 [321 IMl 133 ISS] and [37] , who used 
a closely related approach to compute the chiral current algebra residing 
on the boundary of the three-dimensional CS model ([Ml [33 l3Z])i of the 
three-dimensional BF theory ( [W\ [32] ) , and of the Maxwell-Chern-Simons 
Theory [3S]. 

Indeed, the authors of [35] added to the action local boundary terms compat- 
ible with power counting, using a covariant gauge fixing. In [121 1321 1311 13S] 
and [37j, on the other hand, a non-covariant axial gauge was preferred. 
The main reason for the latter choice was that the main advantage of a 
covariant gauge, i.e. Lorentz invariance, already fails due to the presence of 
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the boundary. On the other hand, the axial choice does not completely fix 
the gauge [5H], and a residual gauge invariance exists, implying the existence 
of one Ward identity in the CS theory and two Ward identities in the BF 
model, which play a crucial role, since, when restricted to the boundary, 
they generate the chiral current algebras previously mentioned. 
In [121 [Ml ES] and [37] the explicit calculation of the propagators of the the- 
ory seems to be necessary. In [3B] a different method was applied, which was 
also later used in [32] • This technique avoids the direct calculation of the 
Green functions which, in some cases, may be difficult and not very useful. 
The basic idea of this method is to integrate the equation of motion with a 
boundary term (derived from the boundary potential previously mentioned), 
in the proximity of the boundary and to consider the expressions obtained 
separately for the right side and for the left side of the boundary, in agree- 
ment with the Symanzik's idea of separability. In this way, it is possible to 
determine, rather than impose, the boundary conditions on the propagators, 
which can be expressed as boundary conditions on the fields [33]. 
However, this method has some complications when two or more fields are 
involved, as in the BF theory, as it provides some boundary conditions which 
are not acceptable. 

One of the original finding of this thesis is to establish a set of criteria for dis- 
carding the non-acceptable boundary conditions furnished by this method, 
as illustrated in Chapter 2. 

The techniques developed in Chapter 2 have been extremely useful in order 
to study the four-dimensional BF model, and to characterize the dynamics 
on the boundary of this theory. 

The characterization of the boundary dynamic of the BF theory in four 
space-time dimensions is the most original finding of this thesis and is illus- 
trated in Chapter 3. 

This thesis is organized into three chapters. 

In Chapter 1 the introduction of the boundary in the non-abelian CS model 
is illustrated. The purpose of this chapter is to describe the techniques uti- 
lized in [341 137j . which are largely used in the following chapters. 
In Chapter 2 the three-dimensional non-abelian BF theory with a bound- 
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ary is analyzed. The techniques used in |19| . in which the direct calculation 
of the propagators is necessary, and the technique used in [32] , which avoids 
the computation of the Green functions, are compared. 
The original finding of this chapter is the determination of certain criteria 
in order to discard the non acceptable boundary conditions furnished by the 
method used in [32j. 

In Chapter 3 the techniques developed in the previous chapters are applied 
to the abelian BF theory in four space-time dimensions with a boundary. 
The most original finding of this chapter, (and of the entire thesis), is the 
characterization of the boundary dynamics in terms of canonical commuta- 
tion relations generated by the algebra of local boundary observables, which 
exists due to the residual gauge invariance of the bulk theory. 



Chapter 1 

The Chern-Simons model 



In this chapter we want to illustrate how it is possible to introduce a bound- 
ary in a field theory in the simple case of the non-abelian Chern-Simons 
model, in which only one gauge field is involved. We shall review the method 
and the findings obtained in [311 137]. The purpose of this chapter is to il- 
lustrate some techniques which are largely used in Chapter 2 and 3. 

In Section n. II the classical Chern-Simons theory and its features are de- 
scribed. 

In Section n. 21 the Symanzik's method for the introduction of the boundary 
is illustrated. The boundary conditions are derived by using the technique 
illustrated in [3S] , which avoids the direct calculation of the propagators of 
the theory. For completeness, the Green functions of the model are calcu- 
lated using the method illustrated in [M]. At the end of the Section, the 
Kac-Moody algebra of local boundary observables is derived according to 
what was done in [33] . 



1.1 The classical theory 

We denote with M the three-dimensional flat space-time, with A'^ a generic 
gauge field and with f"-^'^ the structure constants of the non-abelian gauge 
group G, which we suppose to be simple and compact. 
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The Chern-Simons model 



The Chern-Simons action [71 [Ml HO] 

Scs = -^ X/ ^'^^''^'i^^^-^P + ^/"''^^M^'^p} (1-1) 

is defined as the most general local and covariant action which respects the 
power-counting, which is invariant under the gauge transformation 



(1.2) 



and which has a dimensionless coupling constant k. 

In this chapter we will discuss the theory in presence of a boundary X2 = 
and, for this reason, it is convenient to use the light-cone coordinate system 



U = X2 

z = -^{xq + 2;i) 
z= ^{xq - Xl), 

which induces similar definitions in the space of the fields: 



(1.3) 



(1.4) 



Al). 



With these conventions, it is possible to rewrite the action (jl.l|) as follows: 



k 



Scs = -i- j dud^z{A^dAl + A^dA"" + A'^duA'' + r^'^A^A^A^} (1.5) 

As it is known, it is necessary to choose a gauge by adding an appropriate 
gauge-fixing term to the action p.ip in order to make the theory consistent. 
For the purpose of this chapter it is convenient to choose an axial gauge 
A'^ = 0, which corresponds to the gauge-fixing term: 

Sgf= I dudPz{h''Al+Tf{dud' + f^^Aic^)}, (1.6) 

JM 

where c"" and are respectively the ghost and anti-ghost fields and h"" are 
the Lagrange multipliers. 
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Having done that, the action Stot = Scs + Sgf is invariant under the BRS 
transformations: 

T (1.7) 
sh" = 0. 

Moreover, as usual, the gauge-fixing term is a BRS-variation: 
Sgf = sJdy(fzc°-Al. 

As regards the discrete symmetries, once defined the action of the parity 
transformation on the coordinates as follows: 



P : {z, z, u} -f^ {z, z, —u} 



it is possible to define only one transformation on the space of the fields 
which leaves Stot unchanged: 



P : < 



z z 
u -o- —u 

/la / V /la 



(1.9) 



In what follows we will call this transformation parity. 

In regard to the time-reversal transformation, once defined the action of this 

symmetry on the coordinates as 



T : {z, z, u} -f-^ {—z, —z, u}, 



(1.10) 



it is impossible to find a transformation in the space of the fields which leaves 
Stot unchanged. Therefore, the Chern-Simons action is not invariant under 
the time-reversal transformation. 

Furthermore, each field of the theory carries a charge called Faddeev-Popov 
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charge, (the values for each field are shown in Table [TTT|) . and it is easy to 
see that each term in Stot has a Faddeev-Popov charge equal to zero. 

The gauge-fixing term Sq f is not covariant but the action Stot is invari- 
ant under the two dimensional Lorentz transformations on the plane {z,^}. 
In particular, this is equivalent to saying that the helicity is conserved |34] . 
The mass dimensions, the values of the Faddeev-Popov charge and of the 
helicity of the fields of the theory are listed in Table 11.11 





z 


z 


u 






Aa 






6" 


dim 


-1 


-1 


-1 


1 


1 


1 


1 


1 


2 


helicity 


-1 


1 





1 


-1 














^>n 




















1 


-1 






Table 1.1: mass dimension, $-11 charge and helicity 



At the classical level, the theory is scale invariant since all the parameters 
introduced are dimensionless. 

Finally, we note that Stot has a residual gauge invariance on the plane 
{z,z}: 

where cj is a function of z and z. Then, the gauge is not completely fixed 
by (|1.2p and, as we will see, the Ward identity, which expresses the residual 
gauge invariance of the theory, will play a key role in determining the alge- 
bra on the boundary n = 0. 

At the classical level, the generating functional of the connected Green func- 
tions Zc{Jtp) is obtained from the classical action by a Legendre transforma- 
tion: 

Zc{J^) = Stot{^) + I ducPzY^J^^^ (1.12) 

JM ^ 

where are the sources for the fields, denoted collectively by ip°-. Conse- 
quently, the equations of motion for the fields and for the Lagrange multi- 
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pliers are: 

^{duT - dAl - r'^'^A'Al) + Jl = 
T 

-{OA: - duA^ + r'^A'Al) + = 

i - _ _ 27r ^ ^ 

^(S^'^ - dA" - r^^A^A" + ^(6" - r^^l^c^)) + Jl„ = 

AS + 4 = 0, 

while for the ghost fields we obtain: 

9„c" + r^^Abf -J^ = , , 

. r 1-14 

Due to the linearity of the equations of motion for the ghost p.l4p . the 
Slavnov identity, which express the invariance under BRS transformations, 
takes the form of a local Ward identity: 

1.2 The boundary 

In this section we will introduce a boundary in the theory [351 \S7\ [33] and, 
for this purpose, we will choose the plane u = 0. In order to do this, we 
breaks the equation of motions p.l3p and p.l4p with a boundary term 
which respects some basic requirements |36j . 

Locality: the boundary contribution must be local. This means that all 
possible breaking terms have the form 

5^''\u)X{z,z,u), (1.16) 

where 6^'^\u) is the n-order derivative of the Dirac delta function with re- 
spect to its argument, and X{z,^,u) is a local functional. 
Separability: this condition, called also decoupling condition |33j . refers to 
a Symanzik's original idea according to which the n-point Green functions 
which involve two fields computed in points belonging to opposite sides of 
space must vanish. In particular, the propagators of the theory must satisfy: 

uu <0 =^ Aab{x,x') = {T{ipA{x)ipB{x'))) = (117) 
X = (z.z, u). 
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This property is satisfied by propagators which spUt according to 

AABix,x') =e+AAB+ix,x')+e^AAB~ix,x'), (1.18) 

where Aab+{x, x') and Aab~{x-, x') are respectively the propagators for the 
right and the left side of the space-time and 9± = 0{±u)9{±u'), where 9{x) 
is the step function, defined as usual. 

The condition p.l8p induces the decoupling of the generating functional of 
the connected Green functions Zc(J,^) according to 

= Z,{J^)+ + Z,{J^)_, (1.19) 

where Zc(J^)-|_ and Zc{J,p)- are the generators of the connected Green func- 
tions for the right side and for the left side of the space-time, respectively. 
Linearity: finally, we require that the boundary contributions to the equa- 
tions of motions are linear in the fields because, in general, the symmetries 
of the classical action, if only linearly broken at the classical level, nonethe- 
less retains the exact symmetries of the quantum action |41] . 



It is convenient to define the insertions of the fields on the boundary 

V^i = lim ^{Z) 
Z = {z,z} 

in order to simplify the next formulas. We note that, under parity, the fields 
(|1.2U|) transform as: 

4 ^ -4 

C± ~^ 

Moreover, we require that the boundary term in the equations of motion 
preserves parity invariance, power counting and conservation of Faddeev- 
Popov charge, in addition to the conditions illustrated above. With these 
assumptions, the most general equation of motion for the ghost fields with 
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a boundary term are: 

dud^ + r'"'Ay - = -<5(n)(^_4 + /i+c^), 

where //+ and /i„ are constant parameters which we wiU determine later. 
We set a first constraint on the parameters /x+ and by requiring that the 
equations of motion (|1.22|) are compatible with each other. This condition 
is nothing more than the commutation property which equations of motion 
in general obey, and it is equivalent to require that the boundary term is 
derived from an action. In other words, the compatibility condition implies 
that: 

£_ = £_ I 2'^) 

5c%5c% 6cl6c%' ^ ■ ^ 

where the minus sign on the right hand side of the equation p.23p is due to 
the fact that we have differentiated with respect to Grassmann variables. 
The compatibility condition (|1.23p sets an algebraic constraint on the pa- 
rameters /i+ and /i_: 

fi+ = fi^ = ^. (1.24) 

In the same way, the equations of motion for the gauge fields which respect 
the condition just illustrated are: 

^{duT - MS - r'^A'Al) + J% = -5{u){\JAl + A+X) 
T 

— {dAl - duA'^ + r'^'A'Al) + Jf = -5{u){\+AX + A_^^) 

^ - - - 2tt ^ ^ 

— {dA'' - dA"- - /"''^A^A" + -ri+b'' - r^^'d'c^)) + J^^ = 

Al + = 0, 

where we have introduced a minus sign on the right hand side for convenience 
in the following developments and the quantities X± are constant parameters. 
The right hand side of the third equation, as that of the fourth one, has not 
been modified due to the gauge choice A^ = 0. 
In this case, the compatibility condition implies that: 

%r = -a , 1-26 

which yields: 

A+ = A_ = A. (1.27) 
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Then, the most general equations of motion for the ghost and gauge fields 
with a boundary term are: 

^{d^T - dAl - r'-^A'Al) + J% = -X6{u)(Al + X) (1.28) 
^{dA^ - duA'' + r'^'A^AI) + J^= -\6{u){A\ + A^) (1.29) 

h _ 27r 

^(9A" - dA"" - r^'^A^A" + ^i+b" - r^^T^c^)) + Ja„ = (1.30) 

K + Jb=^ (1.31) 
d^r + r'^Ay - = fi6{u){cl + r) (1.32) 
5„c" + r^'Ay - = -fi5{u){cl + c^), (1.33) 

where // and A are constant parameters to be determined by the boundary 
conditions. 



1.2.1 The boundary conditions 

In this section we will find the boundary conditions for the gauge and ghost 
fields following the method used in [3B]. This method is economical com- 
pared to other methods [351I121[31] because it makes the direct calculation of 
the propagators unnecessary. As we will see in the next chapter, it presents 
some complications when the boundary conditions involve two different fields 
(BF theory), but this is not the case. 

In order to obtain the boundary conditions, we will integrate the equations 
of motion (|1.28|) - (|1.33|) with respect to the coordinate u in the infinitesimal 
interval [— e, e] and we will evaluate the expressions obtained in the weak 
limit e — >■ 0. In doing so, we will find an algebraic system which involves 
the parameters fi and A and the insertions 99^. In order to solve the system 
we will use the separability condition [53] , requiring that the system can be 
solved separately on the right side and on the left side of the boundary. 

The ghost sector 

If we apply the method just described to the equation ()1.32p we obtain: 

c"(Z, e) - 7f{Z, -e) - T dur^^J^cf = //(c^ + c^), (1.34) 
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which, in the weak Umit, becomes: 



Equally, we find 



(1.35) 



(1.36) 



for the equation (|1.33|) . Next, we impose the separability condition on the 
equations (|1.35|) and (|1.36|1 . obtaining the following systems of equation: 



(l-/i)c» =0 

(i + /iX = 0, 



:i + fi)ct = 

;i - ^)ct = 0. 



(1.37) 



Notice that the second system in ()1.37p can be obtained from the first one 
by a parity transformation. 

The independent solutions for the systems p.37p are: 



I : 
II : 



^ = 1 







0. 



(1.38) 



If we substitute the solutions (|1.38|) into the equations (|1.32|) and (|1.33p we 
obtain: 

duc" + /"^Mtc^ -J^ = -Siu)c''_{z,z) 
for the solution / and 



(1.39) 



duc"" + r'^'Aic^ - = -5{u)c''_{z,z) 

dud' + r'^'Ay - = d{u)ciiz,z). 



(1.40) 



for the solution II. 



The gauge sector 

We now apply the same method to the equations of motion for the gauge 
fields (|1.28p and (|1.29p , finding the following relations: 

|(3:-T)=-AW+3"_) ^^^^^ 

— {At - AD = -X{Al + At). 



10 



The Chern-Simons model 



If we impose the separabihty condition, we find the following algebraic sys- 
tems: 

The independent solutions of the two systems p.42|) are: 

k 



I : X = — A" =Al = 

2-K " + 

II: \ = -— A'' =A\ = Q. 

27r " + 

Subsequently, the equations of motion for the gauge fields are: 



(1.42) 



(1.43) 



A (9, A" - dAl - r'^A'Al) + J% = -^6{u)A''__ 

-{dAl - d^A^ + r'^A'Al) + Jf = -^5{u)Al 
h _ 27r \ ■ > 

— {dA" - dA" - r^^A^A" + —i+h" - f^^^l^c^)) + = 
2tt A; " 

Al + J^ = Q, 
for the solution / and 

A (9. A" - dAl - r'^A'Al) + J% = ^5{u)Al 
^{dAl - d^A^ + r'-^A'Al) + Jf = ^S{u)A'^_ 

— (M" - dT - f^^A^T + ^(+&'' - r^^^c^)) + Ja^ = 
Al + J^ = Q, 

for the solution //. 



1.2.2 The propagators 

For completeness, in this section we will derive the propagators of the theory 
A^„^,(x,x') = {T{^i{x),^2{x'))), (1.46) 
taking into account the decomposition ()1.18|) . 

The ghost sector 

The free equations of motion for the ghost fields without a boundary term 
are: 

a„c" - J" = , ^ 

^ ^ (1.47) 



1.2. The boundary 
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Let us differentiate the first equation with respect to Jc{x') and the second 
equation with respect to J^{x') obtaining the following relations for the 
ghost propagators: 

du/^t{x\x) = 5''^5^'^\x-x') , , 

t , 1-48 

As we have already observed, the most general form of the propagator ()1.46p 
which respects the separability condition is: 

A^''^(x,x') = e+A^5+(x,x') + ^-At5_(x,x'). (1.49) 

^AB+(^'^') ^AB-(^)^') ^'^^ respectively the propagators for the right 
side and for the left side of the space-time with respect to the boundary. 
They have to be solutions for the equations (|1.48|) . Having done that, we 
find: 

A?,, = J-f --^'^^^ (1.50) 

\Tp{x ,x) j 

where we have used the matrix notation and the indices A and B denote 
the pair of fields (c°',c"). Aab~ is obtained from p.5Up via a parity trans- 
formation and Tp{x,x') indicates the tempered distribution 

Tp{x,x) = {e{u-u) + p)d'-^\x -x'), (1.51) 

where p is a constant parameter to be determined by the boundary condi- 
tions. As observed in [34j, p could be an arbitrary function of the variables 
z and z. The choice p = const was made in order to satisfy the conditions 
of conservation of helicity, power-counting and regularity. 
The next step is to consider the free equations of motion with a boundary 
term and to substitute the propagators just obtained into these equations in 
order to determine the possible values of p taking into account the boundary 
conditions which we have found in the previous section. 
Regarding the boundary condition / in p.38p . the free ghost equations with 
a boundary term are: 

duc" - = 5(u)cl(z,z) , , 

d^e - J% = -b{u)e (z,z). 
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Consequently, the equation for Acc{x, x') is: 

du/^-ccix, x') - 5(3) (a; _ x') = -6{u)A-,,iO+,x'). (1.53) 

The substitution of the solution for the propagators (|1.46|) into the equation 
(fT33D leads to: 

-S(^)(Z - Z')[9{u')d{u){9{u - u') +p) + e{u')e{u)5{u - u')+ 
-e{-u')5{u){6{u - u') +p)+ e{-u)e{-u')5{u - u')]+ (1.54) 
+5(3) (3, _ 3,/) = -5(u)Aec(0+,X). 

If we require that X' belongs to the half-space u' < 0, we find: 

<5(2) _ Z')5{u){l + p) = 0, (1.55) 

which yields: 

p=-l, (1.56) 
In regard to the boundary condition II, the free equations of motion are: 

a„c"- J« = -5(n)c"(z,z) , , 

\ J ^\ , J ^^^^ 

d^c''-J^ = 5{u)cl{z,z). 
Via arguments similar to those just made, we find: 

p = 0. (1.58) 

Summarizing, the two boundary conditions for the ghost sector are: 

/ : p=-l U = l 

(1.59) 

II : p = p = -l. 

The gauge sector 

The free equations of motion for the fields A"", A"", A^ and for the Lagrange 
multipliers 6" without a boundary term are: 

^{d^A'' + dJ§) + J% = 
h 

^ (1.60) 

27r ^ ^ A„ 

Ai^j?: = ^. 
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If we differentiate the previous equations with respect to the sources of the 
fields, we find the following system of equations for the propagators: 

A'L- (x',x) = A^;^(x',x) = 



AtA(x',x)=0 



(1.61) 



'A A ( 

Al'XAx',x) = -6^'d(^\x - x') = At,(x',x) 
a„Aj|(x',x) = -5'^W3)(x'-x) 
duAl'\{x',x) = -6''^d6'^^\x' - x) 

a„A^«35(x',x) = -^rt3)(x-x') 
duA^^^{x',x) = -^S-'6('Hx - x') 
d^A^^{x',x)=duA'^^{x',x)=0 
^(dA%{x',x) - dA%{x',x)) + A%{x',x) = 
Att{x',x) = -A(M^» - dAl^ix',x)). 

The general solution of the system ()1.6ip can be written in the form (|1.49p . 
where: 

/\ab+ 

^AB — 

T"27ri(z-z')^ T"-^7(^''^) dT^-a{x',x) 

-fr^(x,x') -dT,_p{x,x') 

-6^^\x-x') 

\-dT^-a{x,x') dT^_[s{x',x) -6^^\x - x') ^{-1 - 2-/ + a + P)dd5^ J 

(1.62) 

The indices A and B denote the ordered set of fields {A, A, Au, b) and A'^^ 
is obtained from p.62|) by a parity transformation. The quantities a, f3 and 
7 are constant parameters to be determined by the boundary conditions and 
Tp is the tempered distribution defined in p.5ip . 

In order to solve this system (|1.6ip we have used the following representation 
of the delta function: 

d , \_ _„ ^ = 2^2) (Z - Z'), (1.63) 

z — z' — ie[z — z) z — z' 



6' 



ab 
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where we have defined: 



-d- -. (1.64) 



(z-z')^ {z-z')' 

Via arguments similar to those just made, it is possible to determine the 
values of the parameters a, j3 and 7 for the two boundary conditions p.43p . 
Therefore, we obtain: 



k 

I : 7 = 0, a arbitrary, /? = 0, A = — ; 

zvr 

k 

II : 7 = — 1, a = 0, /? arbitrary, A = — — . 



^1.65) 



1.2.3 The boundary algebra 

In this section we will explain how the Ward identity ()1.15p implies the 
existence of a Kac-Moody algebra [13] of conserved chiral currents on the 
boundary. In order to do this we will use the technique illustrated in |36j . 
Firstly, we will analyze how the presence of a boundary term in the equations 
of motion modifies the Ward identity (jl.lSp . 

If we consider the solution / in ()1.43p and the corresponding equations of 
motion p.44p . using all the precautions mentioned in [31j (the discussion of 
which is beyond the purposes of this thesis), the boundary breaking of the 
Ward identity (jl.lSp can be formally obtained from the equations of motion: 

dJ% + dJ^ + duJ%^ + dub'^ - J2 r'^jy = -S{u)^(dAl + dT). (1.66) 
As regards the solution //, we achieve in the same way: 
dJ- + dJ^ + d^J-^ + dub^ - J2 r'^jy = Ku)-^{dA- + dAl)- (1-67) 

The equations (|1.66p and (|1.67p are the Ward identities which express the 
residual gauge invariance on the boundary ti = 0. 

In what follows we will derive the algebra for the solution / and we will only 
list the results for the solution // since this solution can be obtained from 
the first one via a parity transformation. 
By now, we postulate that 

/ + CO 
duduh^ix) = 0, (1.68) 
-00 
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since this condition is not guaranteed by the axial gauge. Consequently, we 
obtain from the equation (|1.66|) the following integrated Ward identity: 



I du{d.n + 94 - E r'^jy) = -^(^^+ + ^^-)- (1-69) 



We note that our choice ()1.68p on the behavior of the Lagrange multipliers 
is legitimate if, and only if, the right hand side of the identity p.69p does 
not vanish. In fact, in this case the boundary term in p.69|) plays the role of 
the gauge-fixing: if it vanished, we would be forced to reintroduce the term 
J^oo dudub"" in order to define the propagators of the theory. We will discuss 
this argument in detail later, when we analyze the three-dimensional BF 
model. Indeed, the Chern-Simons model has only one field on the boundary 
and, for this reason, there are no boundary conditions which lead to an ill- 
defined Ward identity as is the case for the BF model where there are two 
different fields on the boundary. In this case the problem is relevant and 
needs some precautions which we will discuss in the next chapter. 
Then, if we rewrite the identity p.69p in the functional way we find: 



+ o- 



u=0- 



6Zcs^ k j— SZc+ 

I u=o+ SJ^ix) 1 

(1.70) 

Having done that, we differentiate the previous expression with respect to 
j\{x'), with x' lying on the right side of the boundary u = 0, and we 
evaluate the expression obtained at the vanishing sources, achieving the 
following expression: 



2tt 

~ T 

'-9 



duiS^^dd^^Xx - x') - r'"'6^^\x - x')A'=) 



d- 



, 5A{x')6JUx) u=u'=o+ I J _^ \ 6A{x')5J^{x} u=o-,u'=o+. 

(1.71) 

The second term on the right hand side of the equation (|1.7ip vanishes due 
to the separability condition and the previous identity can be rewritten as 
follows: 

-^{8"-^dS'-^\Z-Z')-r^^6^^\Z-Z')Al) = d{T{A^_^{Z')Al{Z))) (1.72) 
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(1.73) 



Keeping in mind the definition of the T-ordered product, we have to specify 
which variable plays the role of the time in the light-cone coordinates. This 
problem was discussed in literature by Dirac [33]. In his article Dirac high- 
lighted that both z and z can be taken as the time coordinate. In our case 
a good choice is to take z as the time coordinate. Following this, we obtain: 

d{T{A',{Z')Al{Z))) = 

d{9{z' - ^)A\{Z')A\{Z) + 0(z - ^)A\{Z)J^^{Z')) = 
( - 5(z - ^)A\{Z')A\{Z) + - t)A\{Z')dA\{Z))-r 
+ - i)A\{Z)A\{Z') + e(z - ^)dA\{Z)A\{Z')) = 

{e{-^ -z)A\{z')dAX{z) + e{z -z')dAX{z)A\{z')) 

+ 5{-z-^){[AX{Z),A\{Z')]), 
where we have used the relation d6{'z) = S('z). 

Moreover, keeping into account the separability condition, if we evaluate 
the identity p.69|) at the vanishing sources we find the chirality conditions 
[Ml EH: 

dA\ = ^ Al = Al{z) (1.74) 
aX=0 ^ A1=AUz). (1.75) 



If we substitute the previous conditions into the equation (|1.72|) we find: 

-^5(z-z')(('^'^'9<^(^-^')-r'^'5(^-^')^;)) = 

(1.76) 



which yields: 

[Al{z),Al{z')] = --i6'^^d5{z-^) - rH(z - z')A\{z)). (1.77) 
Then, if we express the previous relation in term of the fields 

Kl{z) ^ ^Aliz), (1.78) 



we find: 



[Kl{z),K>Xiz')] = rH{z - z')Kl - ^5'^'d6iz - z'), (1.79) 



1.2. The boundary 



17 



which is a Kac-Moody algebra pi^] generated by the chiral currents A";^ 
[65\ I34j. As previously mentioned, the symmetry under parity implies the 
existence of an algebra on the opposite side of the boundary: 

[K''_{z),Kt{z')] = t^^5{z - z')K'L - ^S^^ddiz - z'). (1.80) 

zvr 

It is important to note that, in calculating the algebra (|1.79|) . the choice of z 
as the time coordinate was crucial to calculate the quantity d{T{A'^{z')A'^{z))) 
in (|1.73p . We will analyze theories which involve more than one field and 
generate more complex algebra later in this thesis. In these cases, depend- 
ing on the commutator which you want to calculate, it will be necessary 
to choose z or z as time coordinate. Since the choice between z and z is 
irrelevant from the dynamic point of view, it does not affect the existence 
of the algebra on the boundary. However, once we have decided the side of 
the boundary to which we refer, the choice is fixed by the technique used in 
(|1.73|) . Ergo, the choice of the time variable must be understood as a dec- 
laration to be made before the expansion of the T-ordered product rather 
than a relevant physical choice. In particular, depending on the declaration 
we have made, we obtain informations about the equal-z commutators but 
not about the equal-z ones. We shall develop this argument later, when the 
problem will become relevant. 

In regard to the solution II, it generates an equivalent algebra except for 
the exchange {z,K^,-^} ^ {z,KI, 

Finally, we make a comment on the chiral currents. The identity ()1.74p . 
combined with the boundary condition A"^ = 0, implies: 

dAl + dAl = 0, (1.81) 

which is the conservation relation of the field in the light-cone coordinate 
system. In fact, if we rewrite the equation (|1.81|) in the Cartesian coordinate 
system we find: 

9o^S+ - = 0, (1.82) 

which is the continuity equation for the densities Aq^ and A'l_^_ 



The Chern-Simons model 



Chapter 2 



The three-dimensional BF 
model 

In Chapter 1 we have illustrated how to introduce a boundary in the Chern- 
Simons theory using the Symanzik's method. We have derived the boundary 
conditions for the fields of the theory using the technique illustrated in [3U] , 
which avoids the direct computation of the propagator. In the simple case 
of the Chern-Simons theory, in which only one gauge field is involved, there 
are no complications in using this technique and the boundary conditions 
which we have found are the same obtained in [31] by directly calculating 
the Green functions. 

In this chapter we shall apply the Symanzik's method to introduce a 
boundary in the three-dimensional non-abelian BF model. In this theory, 
two gauge fields are involved and we will see that, for this reason, the method 
which avoids the calculations of the propagators furnishes more boundary 
conditions than the method used in [TU], which uses the direct computation 
of the propagators. We shall prove that the additional boundary conditions 
are non-acceptable and we shall establish a set of criteria in order to directly 
discard these boundary conditions without the need to compare the results 
with that provided by the propagators. 

In Section 2.1 the classical three-dimensional BF theory and its features 
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are described. 

In Section [2.21 the Symanzik's method for the introduction of the boundary 
is illustrated. In order to find the boundary conditions, the method used 
in |32j and the method used in [TU] are compared and a set of criteria in 
order to discard the non-acceptable boundary condition furnished by the 
first technique are established. At the end of the section, the Kac-Moody 
algebra of local boundary observable is derived according to what was done 
in [H]. 

In Section [23] the Chern-Simons theory and the three-dimensional BF model 
are compared and it is pointed out that the BF model in three space-time 
dimensions with a cosmological constant is equivalent to two Chern-Simons 
theories with coupling constants of the opposite sign. 



2.1 The classical theory 

We denote with M the three-dimensional flat space-time, with and B'^ 
two generic gauge fields and with f"'^'^ the structure constants of the gauge 
group G, which we suppose to be simple and compact. The most general 
action on M which is invariant under the symmetries 

S^^^B"^ = -f'^^Ble^ 

and 

5(2) A" = -Xp^^B^of 

^ (2.2) 

[9°' and a"" are local parameters), is the three-dimensional BF action: 

Sbf = \j^ d3xe^^^{F;,S; + ^r^^B^S^i?^}, (2.3) 

where F^^^ is the two-form 

d^Al-d,Al + r^-AlAl (2.4) 

and A is a positive constant known as the cosmological constant in previous 
literature. 
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We use the light-cone coordinate system in order to render the introduc- 
tion of a boundary in the theory more transparent as we did in the previous 
chapter. Consequently, we redefine the fields of the theory as follows: 



Aa _ 
— 


A^2 


u 


= B^ 




< A" = 




B" 


= 72^BS + Bf) 


(2.5) 


< 


71(^0 









With these conventions, the action ()2.3p can be rewritten as: 



Sbf 



dud'z{B%dAl - duA" + r'^'A^Al) + B'^iduA'' - dA^ + f'^A'^A 



abc ib 



M 



+ B^idA'^ - dA" + /"'"'A'^A'') + Xf^^B^B^B^} 



rabc jya ry^ 1 



(2.6) 



It is necessary to choose a gauge in order to make the theory consistent 
and, since in this chapter we want to study the BF theory with a boundary 
n = 0, it is convenient to choose the axial gauge 



Al = 

(2.7) 

= 0. 



We can introduce the conditions above by adding the following gauge fixing 
term to the action: 



Sgf = I ducPzih^Al + If^duc" + r^^Ay + Xr^^Bi 

JM 

+ d''B!^ + ^"{d^r + r'^Aicp' + r^'^B'^c')}, 



where c", cp"", and 4> are the ghost and anti-ghost fields and 6" and 
are the Lagrange multipliers. 

Then, the action Stot = Sgf + Sbf is invariant under the BRS transfor- 
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mations |45] : 

sA<;, = -{D,cr-xr''B';,^'' 

sBl = -{D,ct>T-r"'B'^c^ 
sc^ = ]^r^\c^c^ + 

Slf = b" 

sb" = 
sd" = 0, 

and the gauge-fixing term Sgf is, as usual, a BRS variation: 



As regards the discrete symmetries, once defined the action of the parity 
transformation on the coordinates as in p.8p . it is possible to define only 
one transformation in the space of the fields which leaves Stot unchanged: 

A" A" B^ ^ W 

Al o -Al Bl o -Bl 

c'' ^ 0" ^ (2.10) 

Thus far, we will call this symmetry 'parity. 

Differently from what happens in the Chern-Simons model, it is possible 
to define one transformation in the space of the fields which leaves Stot 
unchanged under the Time- Reversal transformation (|1.1U|) : 

A" ^ -A" B" o 

Al ^Al B'i^ -B'i 

^ c" (f)" ^ -<f (2.11) 

^ 6" ^-6" 



b" ^b" d" ^ -d". 
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In this chapter we will label this transformation Time-Reversal. 
Moreover, each field of the theory carries a Faddeev-Popov charge, (Table 
I2.1|l . and it is straightforward to see that each term in Stot has a Faddeev- 
Popov charge equal to zero. 

The addition of the term Sqf to Sbf breaks the covariance of the action, 
but preserves the conservation of helicity on the plane {z,'z}. 
The mass dimensions, the values of the Faddeev-Popov charge and of the 
helicity of the fields of the theory are listed in Table 12.11 





z 


z 


u 






Aa 




c" 




B" 






0" 


4> 


d" 


dim 


-1 


-1 


-1 


1 


1 


1 


1 


1 


2 


1 


1 


1 


1 


1 


2 


helicity 


-1 


1 





1 


-1 














1 


-1 














$n 




















1 


-1 














1 


-1 






Table 2.1: dimension, ^^-II charge and helicity 



It is possible to derive the equations of motion from the generating func- 
tional of the connected Green functions Zc in a similar way to what has been 
calculated for the Chern-Simons model, finding the following equations: 



dBl - duB"^ + t^^A^Bl - f'^A^B'' + = 



abc ib' 



duB" - dB^ + r^AlB'' - r^A^Bl + J| = 

dB" - + f'^^A^W - f'^^A^B" + 6" - /"''^c^'c" - 



+ J' 



Al + J," = 



dAl - duA" + P^^A^AI + XP'^B^Bl + = 



abc D 



duA"" - dAl + r^AlA" - Xr^B'B^^ + 4" = 



dA" + /"""A" A + Xr^B^B +d'' - /"""fc^ - Xf-c" 
K + JS = 0, 



(2.12) 
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while the equations of motion for the ghost fields are: 



abc T}b 1^ 



ja 







d^f + r^'^AU" + xr'^B'jf^ -4 = 



abc T3b---c 



(2.13) 



+ f"''"'Ai(t>^ + f'^By - J- 



abc d6 „c 



0. 



As it is known [3H] , the gauge- fixing term Sq f does not completely fix the 
gauge and the residual gauge invariance on the plane u = is functionally 
described by the two local Ward identities, (one for each symmetry 5*^^^ and 
5(2)): 



6Zr. 



abc Tb 



X ja ' " V ^ 7a 

6Zr 



(2.14) 



_|_ jabc 



Jb ^jcv + J<f>^ja + Jb ^jc + 'Jc^jc + 



+ 



Zr = 0, 



(2.15) 



which play a key role in determining the algebra on the boundary u = 0, as 
in the Chern-Simons model. 



2.2 The boundary 

In this section we will introduce the most general local boundary term which 
respects the conditions of separability, invariance under parity transforma- 
tion, power-counting, conservation of helicity and of the Faddeev-Popov 
charge as we did for the Chern-Simons model in the previous chapter. In 
what follows, we shall maintain all the conventions adopted in Chapter [TJ 
In order to do this, we write the most general equations of motion for the 
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ghost fields with a boundary term: 

5„c" + r^'Aic"^ + r^'Bf^' - = 5{u)[fi+cl + ^_c^ + k+^l + 

a„<^» + + /"''^B^^c^ - J| = -<5(u)[/x+</>» + + /c+c^ + k^cl] 

Q^c^ + /"^^^tc"^ + >^t^''Bl(jf - J% = -d{u)[a+(f)t + a^(i>X + /3+c» + /3_c» ], 

(2.16) 

where ;U±, a±, k± and /3± are constant parameters which we will fix by 
imposing the conditions listed above. 

If we impose the separability condition, we find the following algebraic con- 
straints on the parameters: 

= k- = k 

(2.17) 

a+ = a- = V. 

The issue can be further simplified by noting that the action Stot is invari- 
ant under a discrete symmetry which involves only the ghost sector: 

a (2.18) 

If we require that the introduction of the boundary preserves this symmetry, 
we obtain two more conditions on the parameters: 

(2.19) 

k = u = {). 

This completed, the most general equations of motion for the ghost fields 
with a boundary term are: 

+ r'^AU' + xr'^Bi^ -Ji = ,,d{u) (0^ 

duc" + r^'Ay + A/"'"^^^^^ - J| = -ix5{u){cX - c« ), 
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where /x is a constant parameter to be determined with the boundary con- 
ditions. 

In the same way, and keeping in mind our gauge choice A'^ = = 0, the 
most general equations of motion for the gauge fields satisfying the condi- 
tions outlined above are: 

dB^ - duB'' + r^'A^B'^ - r'^'AiW + J% = 6iu)[ai(Al + X) + a2Bl + a^W_] 
duB^ - dB^ + r^'^AiB' - r^^'A^Bl + J^= 6{u)[ai{Al + A''_) + a^B^ + a2Bt] 
dB" - dB^ + f'^^A^W - p^'^^B^ + h'' - /'^'"^c^c^ - /'^^^^V'' + Jl^ = 

K + 4 = 

- duT + /-^^^A^^^ + Xr^'^B^Bl + J% = 5{u)[a^Al + aaX + 04 + 
duA'' - dAl + f^'-AlA'' - Xf^^B^Bl + Jf = 5{u)[a2AX + a^At. + ai{Bl + B^)] 
dA"" - dA" + r^^A^T + Xf'^^B^W + - f''^^^^ - A/"''^cV' + Jb^=0 

b:+js = o, 

(2.21) 

where ai, 02, 03 and a4 are constant parameters to be determined by the 
boundary conditions. 

Furthermore, if we want that the boundary term preserves the Time- Reversal 
symmetry we must impose the additional condition 02 = —03. Nonetheless, 
we do not require that the boundary preserves this symmetry although it is 
a symmetry of the bulk, since one of the purposes of this thesis is to study 
the effects of the Time-Reversal breaking on the boundary. 

2.2.1 The boundary conditions: two methods compared 

In this section we will derive the boundary condition with two different 
methods, and comparing them. Initially, we will use the technique used 
in |19j for the BF model and in [34j for the Chern-Simons theory, which 
utilizes the direct calculation of the propagators of the theory. Then, we 
will obtain the same boundary conditions by using the method described in 
[32[ which we have used in the previous chapter for the Chern-Simons 
model. As we will see, this technique is equivalent to the first, (with certain 
precautions), and it avoids the direct calculation of the propagators. For this 
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reason, it is practical when the calculation of the propagators is difficult as 
in the Maxwell-Chern-Simons theory f36]. 

The method of the propagators: the gauge sector 

Let us illustrate the first method for the simple case of the ghost fields. 
The free equations of motion are: 

duc^ix) - J^ix) = duc^ix) - J^ix) = 

(2.22) 

du(t>\x) - = d^rix) - J^ix) = 0. 

Keeping in mind the definition (|1.46|) . the equations (|2.22|) lead to the fol- 
lowing relations involving the propagators: 



du'^c-cix, 


x') 


= 5"^H^^\x 


— x) 


du'^tix, 


x') 


= 


du'A^l^ix, 


x) 


= 




du'Af^x, 


x) 


= 


du'Aiix, 


x') 




-x') 


du'A%{x, 


x') 


= 


du'A%{x 


x') 


= 5''^5^^\x 


— x) 


du'A%{x 


x) 


= 


du'AfAx 


x') 


= 5''^5^^\x 


— x) 


du'^tix 


x) 


= 0. 



(2.23) 



A ah srab 
AB+ — <J 



The most general solution of the system ()2.23p which satisfies the conditions 
of separability, compatibility, power-counting, conservation of helicity and 
which respects the symmetry (|2.18p can be written in the form /S."^^{x, x') = 
9+A%^ix,x') + e-A%_{x,x'), with: 

/ -Tp{x,x') \ 

Tp{x',x) 

-r_(i+^)(x,x') 

V r_(i+^)(x',x) ; 

(2.24) 

where Tp{x,x') is the tempered distribution {6{u — u') + yo)5*^^^(x — x'); it 
depends on the parameter p which we will determine later. A°^^_ is obtained 
from the (j2.24p by a parity transformation. As previously done, we have used 
the matrix notation and the indices A and B denote the ordered set of fields 

(C'^,C'^,(/)'^,^"). 

Subsequently, we require that the solution which we have found is compatible 
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with the equations of motion with a boundary term (|2.16|) . The calculations 
are quite similar to those made in the previous chapter to find the values of 
the parameters of the propagators. In this case the derivation presents some 
additional technical difficulties due to the fact that the parameters which 
appear in the equations of motion are still undetermined, thus, they will be 
part of the solution. 

In this way, we obtain the following algebraic system for the parameters ^ 
and p: 

f 

(l + p)(l-/i) =0 

^ ' (2.25) 

+ = 0, 

which has two independent solutions: 

I : n = 0, /i = 1 

(2.26) 

//: p=-\ [i = -\. 

An analysis of how the propagators just obtained impose the boundary con- 
ditions for the ghost fields must be carried out. We will investigate in detail 
the solution / and we will just list the results for the solution //. 
If we substitute the parameters p = and ^ = 1 into the equation (|2.24|) we 
find: 

/ -d(u-v!)8'^ \ 

e(v!-u)b'^ 

Q{y!-u)b'^ 

V -e{u-v!)b'^ j 

(2.27) 

where 5^^-* denotes the distribution ^(^^(Z — Z'\ 

It is straightforward to see that the solution ()2.27|) implies the following 
conditions for an arbitrary ghost field ^""{x): 

lim (c"(a;)e''(x')) = 

_ (2.28) 
lim (0"(x)e^(a;')) = 0. 

This finding can be interpreted as a Dirichlet boundary condition for the 
fields |34j : and 0" tend to zero when approaching the boundary from the 
right side. In other words: 

c\=^\ = 0. (2.29) 



\ah raft 

^AB+ — 
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In the same way, we derive the boundary conditions for the left side of the 
boundary from A°^q_: 

= = 0. (2.30) 
Consequently, the equations of motion for the solution / are: 

duc^ + r^^Aic' + r^^Bf^^ - = 5{u){cl - c» ) 
9,^" + r^'^A^J" + Xr'^Btc' -4 = 

(2.31) 

d^r + r'^Aici)' + r'^'By -j^ = 5iu)ir+ - r.) 

duc" + r^^Alc^ + Xp^^Blct)^ -J^ = 0. 
Furthermore, the boundary conditions for the solution // are: 

= = = = 0, (2.32) 

which yield the following equations of motion: 

duc" + r^^Aic" + r^^Bi^^ - Jc = 

a,^" + /""^Atr + xr'^Biif - 4 = 6iu)(^l 

9nc" + r^'^Ay + Xp^^Blcf)'' -4 = <5(n)(4 

The method of the propagators: the gauge sector 

With regard to the gauge fields, the method of the propagators does not 
present additional conceptual difficulties. The complications are purely tech- 
nical, due to the large number of fields and parameters to be considered. In 
this section we will only list the results obtained in [TO] focusing on the num- 
ber of independent solutions which this method provides, (for more details 
on the calculations of the propagators see Appendix [A]) . 
Characteristically, the most general propagators for the gauge fields can be 
written in the form (|1.49|) and A°^b+ '^^ obtained from A^^^_ by a parity 
transformation, (Appendix[X]). A^^^_|_ and A'ab- depend on ten parameters 
Cj, i = 1,...,10 which we shall fix by imposing the compatibility of the 
propagators with the equations of motion (j2.2ip and with the Ward identi- 
ties (I2JII1 and (l2T^ . 
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If we require that the propagators are compatible with the equations of mo- 
tion, we obtain the following algebraic system of sixteen non-linear equations 
involving the ten parameters and the four parameters ai of the equations 
of motion j^TIl} : 

(as - 04) (a2 + 1) + a2«i = 
(1 + a7)(l - as) - a2ai = 
(ag - a7)(l + 02) + a^ai = 
04(1 — as) — aiai = 
09(1 + a2) + ajai = 
09(1 — as) — ai(l + as — 04) = 
aio(l + 02) + ai{aQ - 07) = 
osfl — as) — a4ai = 

(2.34) 

ai(l — 02) — a^a/i = 

05(1 + as) + a4(a6 - a7) = 

02(1 - a2) - a4(l + a7) = 

02(1 + as) + a4(a3 - a4) = 

04(1 — a2) — a4a8 = 

(ag — a7)(l + as) + a4aio = 

(1 + as - a4)(l - a2) - a4a9 = 

07(1 + as) + a4a9 = 0. 

The introduction of a boundary in the theory leads to a breaking of the 
Ward identities which we need to exist only at the classical level. We can 
reach the goal by setting the breaking to be linear in the fields [H]. As 
highlighted in [TO], the request can be satisfied by fixing: 

as = 02 

(2.35) 

a4 = Aai. 

The previous constraints are peculiar to the non-abelian theory. In the 
abelian theory the problem of linearity does not arise and it is not necessary 
to introduce additional constraints on the parameters. So, the system is 
less constrained, although there are as many acceptable solution as in the 
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non-abelian theory. 

this completed, using all the precautions illustrated in [3^, the boundary 
breaking of the Ward identities (|2.14p and (|2.15|) can be formally derived 
from the equations of motion (|2.21|) . obtaining the following expressions: 



H''{x)Zc{J^) = - aiS{u){dAl + dT + dA^ + 

- a25{u){dBl + dB''_ + dBl + OBl) 
N''{x)Zc{J^) = - Xai6{u){dBl + dW + dB^ + dB^] 

- a25iu)idAl + dT + dAl + dA''_) 



(2.36) 



This point forward, we postulate that: 



/oo 
dudub^ix) = 
-oo 

/oo 
dudu(f{x) = 
-oo 



(2.37) 



Consequently, the Ward identities (|2.36|) can be rewritten in the integrated 
form as follows: 



duH''ix)Z,{J^ 



-aiidAl + dA"^ + dAl + dAt 



duN^ix)Z,{J^) 



-02 {dBl + dB''_ + dBl + dBl ) (2.38) 
- Aai (dBl + dW + dBl + dBl ) 

-a2{dAl + dT + dAl + dA''_), (2.39) 



where the terms dub"' and dud"" on the left hand side vanish due to the 
conditions (|2.37|) . 

If we require that the propagators are compatible with the Ward identities 
(|2.38p and ()2.39|) . we obtain eight more algebraic equations involving the 
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parameters and af. 

aia2 + 02(03 — 04) — OiiQi — 0204 = 1 

0102 + (1 + 07)02 — 0501 — (^6 — 07)02 = 1 

aiaj + 0209 — 0104 — 0302 = 

ai(l + 03 — aA + 0209 — (oe — 07)01 — 010O2 = 

(2.40) 

0202 + Aai(a3 — 04) — aiQ2 — Aaia4 = 

0202 + Aai(l + 07) — 0502 — A(a6 — 07)01 = 

0207 + AoiOg — 0204 — AoiOs = 1 

02(1 + 03 — 04) + AoiOg — (og — 07)02 — Aoiaio = 1. 

There are four independent solutions for the equations (|2.34|) and (|2.40p 
which we hst in the following tables: 





Ol 


02 


03 


04 







1 


1 





// 





-1 


-1 





/// 


1 

^/A 








Vx 


IV 


1 
^A 








-Vx 



Table 2.2: solutions of the equations (|2.34p and (|2.4Up for the parameters 

Oj. 





Ol 


02 


03 


04 


05 


06 


07 


OS 


09 


OlO 










-1 


-1 




















II 








-1 











-1 











III 




-i^A 


-1 


1 

2 







1 
2 


1 

2\/A 


1 

2^A 


1 

2^A 


IV 




i^A 


-1 


1 
2 







1 
2 


1 

2V\ 


1 

2v^ 


1 

2v^ 



Table 2.3: solutions of the equations ()2.34p and (|2.4Up for the parameters 

Oj. 

It is now possible to derive the boundary conditions for the gauge fields 
from the propagators just obtained, as was done for the ghost fields, giving 
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the boundary conditions for the gauge fields: 



/ : 




= a''_ = bI = 


B": = o 


// : 




= Al = Bl = 


Bl=0 


/// : 


Al 


- ^/\Bl = ~Al 


+ ^/XBl = Al- VXBl = + ^/XBl = 



IV : AI + sfXBl = Al- VAS" = AI ^ VXBI = A''_ - ^Bl = 

(2.41) 

The four previous conditions suggest an interesting observation in the role of 
T in the three-dimensional BF theory with a boundary. As we know, T is a 
symmetry of the bulk and the solutions (|2.41|) identify two different behav- 
iors of the boundary with respect to the Time- Reversal: the solutions I and 
// are transformed into each other if we apply T "vertically", but they are 
not T-invariant separately. On the other hand, T acts on the solutions /// 
and IV "horizontally" since they are themselves T-invariant. Consequently, 
if we need the boundary to preserve the T-invariance in accordance with the 
bulk, we are forced to choose the solution III and IV. Conversely, if there 
are certain physical reasons which require that the boundary breaks the T- 
invariance, we must choose the solutions / and //. The choice is influenced 
by the presence of the cosmological constant A. Indeed, the solutions /// 
and IV exist if, and only if, A > and then, it is possible to introduce a 
boundary which preserves the T symmetry only if this condition is met. This 
argument becomes more relevant if we consider that, as we will see later, 
the action of the three-dimensional BF model with a cosmological constant 
A > can be rewritten as the sum of two Chern-Simons action with coupling 
constants of the opposite sign, (remember that the Chern-Simons action is 
not invariant under the Time- Reversal transformation). 
For clarity, we summarize the afore-mentioned in the following table. 



T preserved 


A / 


solutions III and IV 


T broken 


A = 0,A / 


solutions / and // 



The algebraic method: the ghost sector 

In this section we will derive the same boundary conditions by using the 
method which we illustrated in the previous chapter for the Chern-Simons 
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theory 

We integrate the equations of motion (j2.2Up with respect to u in the in- 
finitesimal interval [— e, e] and we evaluate the expression obtained in the 
weak limit e — )■ 0. Consequently, if we impose the separability condition, we 
arrive at the following systems of equations which involve the insertions of 
the ghost fields on the boundary and the parameter /x: 



(1 - fi)cl = 
(1 + = 

(1 - fi)r+ = 

(1 + fi)cl = 



(1 _ ^)c^ = 
(1 + A^)^" = 
(1 = 

{l + fi)ct = 



(2.42) 



The previous systems have two independent solutions: 



I : 
II : 



1^ 



-1 



1^ 






= 0- = 4 











0. 



(2.43) 



We can derive the conditions on the parameter p of the propagators from the 
(|2.43|) . similar to what was done for the propagators of the Chern-Simons 
theory in Chapter [TJ 

It is important to note that there are no differences between the results 
obtained with the method of the propagators and those obtained with the 
algebraic method in this case, because the symmetry ()2.18p decouples the 
equations of motion for the fields and (p"". As we will see, this is not the 
case for the gauge sector. 



The algebraic method: the gauge sector 

If we apply the algebraic method to the equations of motion for the gauge 
fields (|2.2ip . we find the following algebraic systems: 



aiAl + (1 + a2)Bl = 
(1 + 02) Al + XaiBl = 
aiAl + (02 - l)Bl = 
(02 - l)Al + XaiB^ = 0, 



aiA_ + (02 - 1)5" = 
(aa - 1)A°L + Aaifi" = 
aiA°L + (1 + 02)^" = 
(a2 + 1)A^ + XaiBl = 0. 



(2.44) 



2.2. The boundary 



35 



where we have kept account of the hnearity conditions (j2.35p . We Hst the 
independent solutions of the previous systems in the following tables. 





ai 


02 


/ 





1 


II 





-1 


III 


1 

^/A 





IV 


1 
^A 





V 


_l_ l+«2 


/-1,0 


VI 


_|_ 1-Q2 

^ ^/A 


/1,0 


VII 


ai 7^ 0, A = 


-1 


VIII 


ai / 0, A = 


1 


IX 









Table 2.4: values of the parameters for the solutions of (|2.44p . 





A% 


Al 


Bl 


Bl 






Qa 




/ 






















II 






















III 






1 Aa 








1 Aa 


1 4"" 


IV 


















V 






















VI 







_|_ J_ Aa 















VII 
























VIII 
























IX 



























Table 2.5: values of the insertion of the fields for the solutions of (j2.44|) . 



As is evident, the solutions I — IV are equal to those obtained with the 
method of the propagators. The solution IX is meaningless since it implies 
that all the fields disappear on the boundary. On the other hand, we did 
not find the solutions V — VIII with the method of the propagators and, 
in principle, there are no physical reasons to discard these solutions. 
The next step will be to analyze the integrated Ward identities (|2.38p and 
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(|2.39|) for each solution Usted in the Tables 2.4 and 2.5, demonstrating that 
only the solutions common to both methods are acceptable. As we shall 
see, the reason for this statement lies in the (unpublished) interpretation of 
the boundary as the gauge-fixing: we must discard the additional solutions 
furnished by the algebraic method since they correspond to a theory which 
has non-invertible propagators (so the propagators does not exist). 

2.2.2 The Ward identities 

Initially, we analyze the solutions V — VIII and prove that there is always 
a way to redefine fields and sources so that at least one of the boundary 
terms of the Ward identities (|2.38|) and (|2.39p becomes zero. Consequently, 
we demonstrate that this condition is not acceptable. 
Regarding to the solution V, the identities ()2.38p and ()2.39p become: 



With these conventions, the boundary conditions for the fields P and Q are 




(2.45) 



Let us redefine fields and sources in the following way: 




(2.46) 




= = p;^ = Q° = P« = 



(2.47) 



if ai 



^ and 




P« = = = Q' 



=0 



(2.48) 





duiVXH^ix) - iV"(x))Z,(J^) = -{dQl + dQl) 




(2.49) 
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while in the second case we have: 



oo 



du{^H''{x) - iV"(x))Zc(J^) = 



— oo 



(2.50) 



oo 



du{VXH''{x) + iV"(x))Zc(J^) = dPl + dP^. 



— oo 



Let us now consider one of the Ward identities in (|2.49|) or in (|2.5U|) in 
which the right hand side becomes zero, e.g. the first identity in ()2.50p . If 
we differentiate this expression with respect to Jg(x'), with x' lying on the 
right side of the boundary u = 0, we find, evaluating the expression obtained 
at vanishing sources: 



which is obviously a meaningless equation. It is important to note that, if we 
had not assumed the condition (|2.37|) , by repeating the same calculations, 
we would have obtained an identity involving the propagators of the theory: 



du{d6^^'> {x - x')S'''' + ^duA^A{x', x) - duA%{x', x)) = 0, (2.52) 



In other words, it is possible to assume the conditions ()2.37p on the Lagrange 
multipliers if, and only if, the boundary term of the Ward identities (|2.38|) 
and (|2.39p does not vanish even after a redefinition of fields and sources. In 
this respect, the boundary term is required to define the propagators of the 
theory and acts as the gauge-fixing. For this reason, when the boundary 
conditions involve more than one field, (as is the case for the gauge fields), 
each solution of the system (|2.44p for which it is possible to redefine fields 
and sources so that the boundary term in the Ward identities becomes zero 
is inconsistent with our choice on the behavior of h"" and d"". Via arguments 
similar to those just made, it is straightforward to see that, if we want to 
maintain the conditions (|2.37p . we need to exclude the solutions V — X. 
If we analyze the solutions / — IV , we note that, in these cases, there are 
always two independent fields, (unlike that which occurs for the solutions 
V — X where there is only one independent field), and, for this reason, there 
is no way to redefine fields and sources so that the boundary term of the 
Ward identities (|2.38p and (|2.39p vanishes. Therefore, solutions / — IV are 
the only acceptable. 



6''^5{z-z')5\z-z') = {), 



(2.51) 
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To summarize, each boundary condition which leads to three constraints 
on the gauge fields is not acceptable because, for these kind of solutions, it 
is always possible to redefine fields and sources so that the boundary term 
of at least one of the corresponding Ward identities becomes zero. Thus, 
the propagators of the theory are ill-defined for these solutions as we have 
just demonstrated. The only acceptable solutions are those which lead to 
two constraints on the fields: in these cases, there are two arbitrary fields 
on the boundary and it is impossible to find a linear combination of fields 
which leads to an ill-defined Ward identity. The method of the propagators 
automatically selects the acceptable boundary conditions since, if there was 
no gauge-fixing in the theory, (as is the case for the solutions V — VIII) , the 
propagators would not be invertible (so the propagators would not exist). On 
the other hand, in the algebraic method we have to study the compatibility 
conditions case by case, analyzing the number of constraints on the insertions 
of the fields. Nonetheless, as mentioned earlier, there may be considerable 
technical difficulties in the calculation of the propagators and the algebraic 
method allows us to study the physics on the boundary, thereby, evading 
the direct calculation of the Green functions. 

2.2.3 The boundary algebra 

In this section we will derive the boundary algebras associated with the 
solutions / — F as we have done for the Chern-Simons theory in Chapter [TJ 
Let us consider solution /; the corresponding Ward identities are: 

r du{dJ% + dJ^ - r'^J^A'^ + r^B-^) + ...) = {dBl + dW) (2.53) 

J — CO 

/OO I, ; 

du[dJ% + dJ% - r^'^iJ^'A'^^ + XJ^'b'^) + ...] = {dAl + 5A"_), 

(2.54) 

where the ellipses denote terms which are irrelevant for our purposes. 
Keeping into account the separability condition, if we evaluate the identities 
()2.53p and ()2.54p at the vanishing sources we find: 

dBl = = dAl = dA": = 0. (2.55) 

We now repeat the same steps which we did in Chapter [TJ we differentiate 
the identity ()2.53p with respect to J%{x')^ with x' lying on the right side 
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of the boundary u = 0, evaluating the expression obtained at the vanishing 
sources: 

d{T{Bl{z')Bl{z))) = -p^^5'^'^){Z - Z')B%. (2.56) 

Keeping in mind the technique used in p.73|) and the condition (|2.55|) . we 
choose z as the time variable in order to gather information about the equal- 
z commutators but not about the equal-z ones. Consequently, we obtain: 

[Bl{z),B'^{z')] = 5{z - z')r'^Bl{z), (2.57) 

where we have redefined the field : B'^ —B*^. In what follows, we also 
redefine the field A"^ in the same way: yl^ — ^ — yl^. 

If we differentiate the identity (j2.53p with respect to J\{x') and we repeat 
the same steps, we find: 

[Aliz), B^iz')] = 5{z - z')f''^^A\{z) + d^^ddiz - z'). (2.58) 

It is straightforward to see that it is possible to obtain the same commutator 
from the identity (|2.54|) . 

If we differentiate the identity ()2.54p with respect to J^{x') we obtain: 

[Al{z),A',{z')] = Xr''6{z - z')BX{z). (2.59) 

If A = the resulting algebra is: 

[Al{z\A\{z')]=Q 

[Bl{z),Bi{z')]=S{z-z')r''^Bl{z) (2.60) 
[Aliz), B^iz')] = 5{z - z')r''^A%{z) + 5''''d6{z - z'). 

On the other hand, if A 7^ we can redefine the fields as follows: 



K^^ = ^(l^Al + Bl) 
Tl = ^i-^Al + Bl). 



(2.61) 



Keeping in mind the equation (|2.55|) . the chirality conditions become: 

dKl. = dTl. = 0, (2.62) 
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and the resulting algebra for T and K is: 

[Kl{z),K'^{z')] = r'^5{z - z')Kl{z) + l^^^'dSiz - z') 
[TI{z),tX{z')] = r^'6{z - z')Tl{z) - -^S^-^dSiz - z') (2-63) 

[K»(z),r^(z')] = o, 

which is the direct sum of two Kaz-Moody algebras with central charge 
^iTI ^^spectively. 

The solution // leads to the following Ward identities: 

/oo 
duH^{x)Zc{J^) = dBl + dBl 

,r _ _ (2.64) 

/ duN''{x)Zc{J^) = dAl + dA''_. 

J —oo 

As is evident from the comparison between (|2.53|) and (|2.64|) . the identities 
(|2.64|) generate an algebra equivalent to that generated by the identities 
(12221), except for the exchange {z,A,B,5''^} o {z,~A,^, -6"-^}. We note 
only that, in this case, we must choose z as the time variable in order to 
use the technique ()1.73p and then, we have information about the equal-2 
commutators but not about the equal-z commutators. 
Regarding the solution the identities (|2.38|) and (|2.39p become: 

/oo 1 _ _ 

duH''{x)Zc{J^) = ^{dAl + dA"i + dAl + dA''_) (2.65) 
-oo V A 

/oo 
duN''{x)Zc{J^) = -VX{dBl + dB"L + dB^ + OBI). (2.66) 
-oo 

In this case, the fields A and B do not generate any algebra. However, 
the boundary conditions (|2.41|) suggest the correct variables to use. Now, 
let us redefine fields and sources as in (|2.46|) . With these conventions, the 
boundary conditions for P and Q are: 

QI = pI = q''^=P^ = 0. (2.67) 

Consequently, we can rewrite the identities (|2.65|) and (j2.66p in the following 
way: 

/•oo 

duiVXE'^ix) + N^{x))Z^{J^) = 
/oo _ _ _ _ (2-68) 

2Vx / duidjf, + dj^ - r^^ij^^p^ + j|p') + ...) = dp^ + 
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duiVXH^ix) - N''{x))Zc{J^) = 

D 

/OO 
du{dJ^ + dJ^ - r^^J^QQ' + J^Q") + ...)=dQ''_ + dQl, 

(2.69) 

It is straightforward to derive the chirahty conditions from the previous 
identities, finding that: 

dP^ = dP"L = dQ"L = dQl = (2.70) 

The corresponding algebra is derived from the identities (j2.68p and (j2.69p in 
the same way as we just did with the solutions / and //. We note only that, 
if we want to use the technique (|1.73|) , we must choose z as the time variable 
to calculate [^^(z), i-*^(z')] while, in order to calculate [Q" (^), Q+(^')] it is 
necessary to choose z. Then, the first commutator is a equal-z commutator 
while the second one is a equal-z commutator. The previous assertions are 
consistent if, and only if, [P!^{z),qI{z')] = (as is always the case). 
If we redefine the fields as follows: 

Q" ^ -2\/AQ» 
P" -2VAP", 



(2.71) 



the algebra associated with the solution /// is: 

[Pl(z\Pi{z')] = r'^5{z - z')Pl{z) + l^^'^'ddiz - z') 
[QI{z),q\{z')] = rH{z - z')Ql{z) + l^S-'M-^ - z') (2-72) 
[PI{zIQ\{-z')] = 

which is the direct sum of two Kac-Moody algebras with a central charge 
1 

2^/\' 

The algebra associated with solution IV is equivalent to that just obtained, 
except for the exchange {z, P, Q, (5"*} f-^ {z, P, Q, -5"^}. 



In regard to the Time-Reversal, we noted in the previous section that 
only the solutions /// and IV preserve this symmetry. As a consequence, 
the boundary algebras associated with these solutions are the direct sum of 
two algebras, (one is chiral, the other anti-chiral) , which are transposed into 
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each other by the Time-Reversal transformation. 



2.3 Chern-Simons theory vs BF theory 

In this section we focus on an observation in according to which the 
action of the three-dimensional BF model ()2.3p with cosmological constant 
A > can be rewritten as the sum of two Chern-Simons actions with 
coupling constants of the opposite sign. 
Let us consider the particular linear combinations of fields: 

(2.73) 



If we rewrite the BF action (|2.3p in terms of the fields R^^ and S*^^, we find: 
Sbf = I d^xef'^P 



a jya jya , ^ pa ryb jyc ( q oa oa , ^ oa ob oc 



-^(^Scs{R)-Scs{S)), 



(2.74) 



which is the sum of two Chern-Simons actions with coupling constants 
respectively, as anticipated. 

Initially, we note that it is possible to rewrite the BF action in the form 
()2.74|) if, and only if, the coupling constant A is positive. In a sense, we can 
affirm that the true three-dimensional BF model is that without a coupling 
constant (with A = 0). The three-dimensional BF model a with coupling 
constant is equivalent to two Chern-Simons theories. 

Another important observation concerns the duality between the coupling 
constant and the cosmological constant. As is evident from (j2.74|) . the BF 
model with strong coupling constant is equivalent to two Chern-Simons the- 
ories with weak coupling constants and vice-versa. 



The introduction of a boundary in the theory can be achieved by re- 
peating the steps illustrated in the previous chapters. In this way, the most 
general equations of motion with a boundary term which preserves only the 
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symmetry under parity are: 
2vA 



^ {duR" - dRl - r'"'R^Rl) -Jr = 5{u){aiR": + 02^?+ + asSl + 045° 



2VX 



^ {dR"" - or" - r'^'R^R^) + 6" - f^^c^c" - Jr^ = 



2^1 



R?, — Jh — 



2^/A 



2^/A 

(2.75) 

where c°, cp"", and i;^>" are the ghost and anti-ghost fields and 6" and are 
the Lagrange muhiphers, while the quantities ctj, i = 1,...,8 are arbitrary 
parameters. 

Moreover, if we require that the equations ()2.75p are compatible with each 
other, we find the following algebraic constraints on the parameters Oj: 

Oil = a2 = k 

(2.76) 

05 = 06 = P, 
while the linearity conditions (j2.35p imply that: 

03 = 04 = 07 = Q!g = 0. (2.77) 

In order to demonstrate this assertion, we consider the equations of motion 
for the BF model with a boundary term ()2.2ip . For example, let us consider 
the equations 

- duB" + r^'^A^'Bl - r^'^AiW + J% = 6{u)[ai(Al + X) + 02^+ + a^W] 



dA^ - d^A" + r'^A^'Al + Xr'^B'B'^ + J% = 5{u)[a^Al + 02^!^ + 04(5+ + s!)] 



(2.78) 

■a{BI . 
(2.79) 
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If we multiply the equation (|2.78|) by \/A and add the result to the equation 
(EZH]), we find: 

dRl - djf + r^'ltK + 4 = S{u){^[ai{Al + X) + a2Bl + a^B''_] + 

+ [03^+ + aaX + ai{B\ + B^)]}. 

(2.80) 

Consequently, if we impose the linearity conditions (|2.35|) . i.e. a2 = 03 and 
04 = Aqi, we obtain: 

dRl - duT + r^^'R^K + 4 = Ku){^ai + a2)(F + (2.81) 

which, keeping into account the constraints (|2.76|) and (|2.77p . coincides with 
the second equation in (|2.75|) apart from an non-essential re-definition of 
fields and sources. The previous assertion can be extended to all the other 
equations in (|2.75|) . finding that: 

^ {dRl - duR" + f^^R^Ru) -J^ = 5{u)k{Rl + i?^) 



2VX 



^ {duR" - dRl - r^^R^R'u) -Jr = S{u)k{R"L + 



2VX 

^^(dR" - OR" - /"'"'R'^W) +b''- P^'^-d'c^ - J^^ = 
'b 



(2.82) 



2^/A 



2^/A 



^ ids'" -ds" - r^^s^s") + d'' - r^^(t)^(t)^ + rs =o 



2Va 

'd 



s?, + J^" = 0. 



In this way, the linearity conditions, which have a rather technical origin 
in the extension of the Ward identities to the quantum level, find an al- 
ternative and intuitive interpretation: if we re-write the BF action with a 
boundary term as the sum of two Chern-Simons actions, the equations of 
motion decouple on the boundary. 



2.3. Chern-Sinions theory vs BF theory 
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The determination of the boundary conditions and the calculation of 
the boundary algebra proceed similarly to what has been done in the pre- 
vious sections. We would only to point out that, in this case, the algebraic 
method does not furnish extra boundary conditions, since, as just proved, 
the equations of motion for R and S decouple and it is possible to apply the 
algebraic method to the two Chern-Simons theories for R and S separately, 
(we noted in Chapter [T] that, if the boundary conditions involve only one 
field, the algebraic method does not furnish any extra solutions). 
We briefly illustrate the results furnished by the application of the algebraic 
method to the equations of motion ()2.82p for completeness. 
If we consider the equations for the fields R and S separately, we obtain 



k 


Rl 




Rl 




1 

2^/X 












1 

2^/X 













from the equations for R and 



p 


SI 


SI 


si 


T 


1 

2y/X 












1 

2v^ 













from the equations for S. If we combine the previous solutions we find four 
different boundary conditions: 





k 


P 


Rl 


R"l 


Rl 


Rl 


SI 


S''_ 


5+ 


T 


/ 


1 

2v^ 


1 

2V\ 






















// 


1 

2-/X 


1 

2\/A 






















/// 


1 

2%A 


1 

2^/\ 






















IV 


1 

2^/X 


1 

2y/X 























which correspond to the conditions found in the previous section when 
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A ^ 0. 

In regard to the Time-Reversal symmetry, we note that the BF action 
with a cosmological constant, which is itself T-invariant, can be rewritten as 
the sum of two Chern-Simons actions which are not themselves T-invariant, 
as we observed in the previous chapter. Nonetheless, the two terms are 
transposed into each over by the Time-Reversal transformation and the total 
action is globally T-invariant, (as it should be). Moreover, we noted in the 
previous section that the only acceptable boundary conditions which respect 
the T-invariance are those with A > 0. We can reformulate this assertion 
by saying that the equations of motion for R in ()2.82p are transformed 
into the equations of motion for S and vice-versa by the Time-Reversal 
transformation. 



Chapter 3 



The four-dimensional BF 
model 

In this chapter we shall discuss the introduction of a boundary in the abelian 
four-dimensional BF model. This topic has been treated by some authors 
[21 ^ 13 ^ 1^ in the literature using different approaches. In particular, the at- 
tention of these papers is focussed on the edge states of the four-dimensional 
BF model with a boundary. 

In what follows, we will analyze the abelian four dimensional BF model 
with a boundary by using the techniques developed in the previous chapters. 
These techniques are very useful in order to analyze the boundary conditions 
and to characterize the dynamics on the three-dimensional boundary. 
In fact, as we will see, the algebra of local boundary observables which exists 
due to the residual gauge invariance of the bulk theory can be interpreted 
as a set of canonical commutation relations from which it is possible to con- 
struct a boundary Lagrangian which describes the physics on the boundary. 
The contents of this chapter are contained [U] . 

In Section [3.11 the classical four-dimensional BF theory and its features 
are described. 

In Section [3.21 the Symanzik's method for the introduction of the boundary 
is illustrated, and the boundary conditions are derived using the technique 
developed in Chapter 2. 
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In Section 13.31 the algebra of local boundary observables is derived and is 
interpreted as a set of canonical commutation relations which make it pos- 
sible to describe the physics on the boundary. 

In Section [3.41 the findings of this chapter are summarized and discussed. 
Moreover, the complete propagators of the whole theory are given in Ap- 
pendix [B] 



3.1 The classical theory 

In the abelian case, the action of the four-dimensional BF model [SJE], which 
describes the interaction between the two- form Bf^i, and the gauge field A^, 
is given by: 

Sbf = ^J cfxe'^'P-F^.Bp^, (3.1) 

where Ffj_y = dfj_Ay — d^A^j^. It is well known that the BF theories, in any 
space-time dimensions, both in the abelian and non-abelian case, do not 
depend on any coupling constant. Here, a is a constant which we have 
introduced in order to distinguish the boundary terms from the bulk terms; 
it can be eventually put equal to one at the end of the computation. 
The action (|3.ip is invariant under the symmetries: 

6'^'^A^ = -d^e ^ ^ 

S^'^B^, = 

and 

S^'^'^A. = 

(3.3) 

S'-'^^B^^ = -{df,ipu - dyip^j), 
where 9 and (^^ are local parameters. 

We remind that the action (|3.1|) is not the most general one compatible with 
the symmetries (|3.2p and (|3.3|) . Indeed, a Maxwell term / d'^xF^^F'^'^ could 
be added, coupled to an additional parameter. In this paper, we consider 
the action (j3.ip alone, because we are interested in the 3D dynamics on the 
edge of a TQFT. We are allowed to do that, if we think of the action (|3.ip as 
the abelian limit of the non-abelian 4D BF theory ^48j, which, as any other 
TQFT, is protected from the occurrence of non-topological terms by an 
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additional symmetry, called "vector super-symmetry in [33] • Nevertheless, 
the non-abelian case, which is much richer from the fields theoretical point of 
view [5m I51j. and the addition of a Maxwell term are interesting extensions. 

Characteristically, it is necessary to fix a gauge in order to make the 
theory consistent and, since in this chapter we want to study the the theory 
with a boundary X3 = 0, we choose the axial gauge: 



^3 = 

(3.4) 

Bi3 = 0, 



where the index i denotes 0, 1, 2. Continuing, in order to simplify the nota- 
tion, we will denote the indices 0, 1,2 by the Latin letters and the indices 
1, 2, 3 by the Greek letters. 

With these conventions, we fix the gauge by adding to the action the gauge- 
fixing term: 

Sgf = J d^ibAs + d'Bis}, (3.5) 

where b and are respectively the Lagrange multipliers for the fields 
and Bi^. As usual, in the abelian case the ghost fields are decoupled from 
the other fields. One of the main differences with the non-abelian case, is 
the structure of the gauge fixing term, which, because of the reducible sym- 
metry (|3.3p . involves ghosts for ghosts, and therefore is highly non trivial 
[501 [51]. 

As regards the discrete symmetries, once defined the action of the parity 
transformation on the coordinates as follows: 



xo xo ^ ^ 

(3.6) 



it is possible to find a transformation in the space of the fields which leaves 
Stot = Sgf + Sbf unchanged. In what follows, we will label this transfor- 
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mation parity: 

xo Xq 

Aq Aq 

Act ^ 

-Boa — ^ -Boa (3-7) 
— ^ — 

Regarding the Time-Reversal transformation, if we define the action of this 
symmetry on the coordinates so that xq changes sign, the action Stot is 
invariant under the transformation: 

Xo -Xo 

Ao -Aq 
Aa Afy 

Boa — >■ (3-8) 
b^b 

which we wih cah Time-Reversal. 

In reahty, in the abchan case, there is no unequivocal way to define the dis- 
crete symmetries. Indeed, it is possible to define two more transformations, 
one for the parity and the other for the Time-reversal, which leave Stot 
unchanged. In this thesis we choose to define as parity and Time-reversal 
those symmetries which are exact symmetries also in the non-abelian case. 
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With the conventions adopted above, the classical action Tc{Jip) is given by: 

rdJ^] = J (fx{ae'^^[2diAjBu^ + {diA^, - d^Ai)Bjk] + ^^3 + ^^5^3+ 

+ J%B,j + 2jg^Bi3 + J^^A, + J A, A3 + Jbb + J^di}, 

(3.9) 

where J^, , J^^^ , J^^^a , J^^ , Jt and J^s are respectively the sources for the 
fields A^ , B^^ , B^^ , ,b and A^. The equations of motion can be derived 
from Tc, obtaining the following equations: 

J\^+ae'^''[2djBk3 + d3Bjk]=0 
jg^+ae'^''{dkA3-d3Ak) = 

' (3.10) 

2jf^3 + d' + 2Qe*^'=5j^fc = 

^3 + = 
5*3 + = 0. 

Moreover, we note that the gauge- fixing term (|3.5|) does not completely fix 
the gauge and the action Stot has a residual gauge invariance in the sub- 
manifold X3 = 0, which is functionally described by the two local Ward 
identities, (one for each symmetries 6^^^ and 5^^^): 

w{x)r,[j^] = diJ% + d3J% + d3^4r = O' (^-n) 

OJb 

W\x)T,[J^] = a,-4, + d3J%, + \d3^ = 0. (3.12) 

Finally, we list the mass dimensions of the quantity involved in the theory 
in the following table. 





A^ 


^3 


Bij 


Bi3 


b 


d' 








ji3 


Jh 




Dim 


1 


1 


2 


2 


3 


2 


3 


3 


2 


2 


3 


2 



Table 3.1: mass dimensions of the quantity involved in the theory 
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3.2 The boundary 

In this section we will study the effects of the introduction of a boundary 
{x^ = 0) in the theory. In order to simplify the notation, thus far we express 
the two-form B^^ in terms of its dual B^ = e'^^^Bj^. As a consequence, the 
sources J^^^ and J*^^ are related by the equation J^^^. = e^^^Jj^k- 
Having done that, the most general local boundary Lagrangian which re- 
spects the power-counting, which is covariant in the sub-manifold = Q 
and which is a quadratic functional of the gauge fields is: 

-Cb = <^(X3) ^-^e'^^diAjAk + h2diA' + aiAiB' + a^^^A^A' + agft] , (3.13) 

where we have chosen to denote the coefficients of the terms which violate 
the T-invariance by hi and those which preserve the Time-Reversal sym- 
metry by aj. Oj and hi are constant parameters to be determined by the 
boundary conditions while the term proportional to is multiplied by a 
massive parameter m, ([m] = 1), which exists only on the boundary X3 = 0. 
(We have omitted from £5 the terms proportional to a negative power of 
the mass m). 

Notice that the term S (x-^AiA^ respects the power-counting, it is a quadratic 
functional of the gauge fields and it is covariant in the sub-manifold X3 = 0. 
Consequently, in principle we should have included this term in the bound- 
ary Lagrangian However, we have decided not to consider this term 
since the equations of motion (|3.1Up are first order differential equations, 
(they depend on the derivative of the fields with respect to X3), and the 
term b' {x^i)A^^ ^ which would have appeared in the equation of motion for the 
field A^, if we had included b(x-i)AiAL in gives us information about 
the derivative of the field Ai on the boundary and, for this reason, it is 
incompatible with the bulk action since we have to fix only Aj(X, X3 = 0) 
in order to solve the equations of motion. The situation would have been 
different if we had add the Maxwell term J d'^xF^^F'^'^ to the bulk action 
(|3.ip . since, in this case, the equations of motion would have been second 
order differential equations. Moreover, 6' {x3)AiA^ is incompatible with the 
boundary conditions as we will see in the next section. 
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We may now derive the boundary term which must be added to the 
equations of motion (j3.10|) from £5, finding the following equations of motion 
with a boundary term: 



A3 + Jb = -S{x^)a3 

+ = -5{x'^)b2A'+ , 

where the apex + denotes the insertions of the fields of the theory on the 
boundary 2:3 = as defined in the previous chapter. 

Notice that the approach used to derive the equations of motion ()3.14p is dif- 
ferent from that adopted in the previous chapters. In the three-dimensional 
theory we were looking for the most general boundary term to be included 
in the equations of motion compatible with the prescriptions illustrated by 
Symanzik in [33]. On the other hand, in order to derive the equations 
()3.14p . we have found the most general local boundary Lagrangian ()3.13p 
which respects the power-counting, which is covariant in the sub-manifold 
X3 = and which is quadratic in the gauge fields. Nonetheless, it is easy 
to see that the compatibility condition which we have used in the previ- 
ous chapter is equivalent to requiring that the boundary terms are derived 
from an action and, in this case, is automatically satisfied, as the require- 
ment that the breaking of the equations of motion is linear in the fields, 
which corresponds to set the boundary Lagrangian to be quadratic in 
the gauge fields. Moreover, we have not imposed the equations of motion 
(|3.14p to be invariant under parity since these constraints would give us 
relations involving the coefficients and the fields on the right side and on 
the left side of the boundary, and we have decided to restrict our analysis to 
the right side of the boundary, in accordance with the separability condition. 



+ ai^*+ + a2mA*+ + 036+] 
J^ + b- adi& = 



ai5{x^)e'^^A^ 



{djAk^ + b2d'++ 



(3.14) 



Consequently, it is possible to derive the boundary breaking of the Ward 
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identities (|3.11|) and (|3.12|) from the equations of motion (|3.14|) . obtaining 
the following local Ward identities with a boundary term: 

diJ'^^ + agJlg + ^36 = -5{x^)[b2did'+ + aidi&+ + a2mdiA'+], (3.15) 

e'^'djJ^, + d^J%^ + ]^d^d' = -5[x'')aie'^^d,At. (3.16) 

Thus far, we postulate that h{x^ = itco) = d^{x^ = ±00) = 0. Therefore, 
the Ward identities (|3.15|) and ()3.16p can be rewritten in the integrated form 
as follows: 

/oo 
dx^diJ\^ = -[b2did'+ + aidiB'+ + a2mdiA'+], (3.17) 
-00 

/oo 
dxh'^'^djJ^, = -ai€'^^djA+. (3.18) 
-00 

We stress that the breaking terms at the right hand side of (|3.15|) and (j3.16p 
are linear in the quantum fields, and hence a non-renormalization theorem 
ensures that they are present at the classical level only, and do not acquire 
quantum corrections [52j . 



3.2.1 The boundary conditions 

If we apply the algebraic method illustrated in the previous chapters to the 
equations of motion (j3.14p , we obtain the following algebraic system involv- 
ing the insertion of the gauge fields on the boundary and the parameters 
and hi'. 

(a + ai)&+ = -hie'^^djAl - b2d'^ - a2mA'+ - a^b+ 
(a - ai)A+ = 

(3.19) 

as = 
b2A'+ = 0. 

As illustrated in the previous chapter, when we applied the same method 
to the three-dimensional BF model, the solutions of the system (|3.19p are 
acceptable if the boundary term of the corresponding Ward identities (|3.17p 
and ()3.18p does not vanish. Indeed, in Chapter [2 we explained that the 
boundary term of the Ward identities, (if we suppose the condition b{x^ = 
±00) = d*(x3 = ±00) = to be valid), plays the role of the gauge- fixing 
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and, if it vanished, the propagators would be non-invertible. 
It is evident that, if we want the boundary term of the Ward identity (|3.18|) 
not to vanish, we must impose the condition A''^ ^ 0. Consequently we 
deduce two necessary constraints on the parameters: 



b2 
ai 







a. 



(3.20) 



At this point, it is possible provide a further argument which justifies the 
exclusion of the term UcS' {x3)AiA^ , (oc is an arbitrary parameter), from 
the boundary Lagrangian Cb- Indeed, if we had included this term in the 
Lagrangian, the algebraic method would have led to the following condition: 

{a+ai)B'+ = -bie'^''djA+-b2d'+-a2mA'+-a3b+-a{d3A')++ac[6ix3)A%^=o 

(3.21) 

In order to make the previous identity consistent, the last term of the right 
hand side must vanish. It is possible to reach the goal by setting A^~^ = 0, 
but this request contradicts what we have just argued. Consequently, the 
only solution is to set Oc = 0, in agreement with the statement made in the 
previous section. 



This done, the system (|3.19|) is reduced to a single equation: 

2aB'+ = -hie'^^djAl - a2mA'+ . (3.22) 

The previous identity furnishes, from the algebraic point of view, four dif- 
ferent solutions which we list in the following table. 





bi 


02 


A^+ 




1 









2a 


2 













3 











4 


7^0 






-^{bie'^^d,Al + a2mA'+) 



Table 3.2: Solutions of the equation (|3.22|) 



The substitution of the solutions 2 and 3 into the equations (j3.17p and 
()3.18p leads to ill-defined Ward identities, (the boundary term of the iden- 
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tity (j3.17p vanishes), and, for this reason, these solutions are not acceptable. 

To sum up, the acceptable boundary conditions are reported in the fol- 
lowing table. 





bi 


02 















2a 


// 








-^ibie'^''djA+ + a2mA-^+) 



Table 3.3: acceptable solutions of the equation (|3.22|) 



Notice that the presence of the massive term m is necessary in order to 
make the theory consistent. In other words, it is necessary that the bound- 
ary Lagrangian is not scale- invariant. This fact is very important in order 
to study of the physics on the boundary, as we will see later. 

To conclude the section, we make some observation about the Time- 
Reversal symmetry. Primarily, there are no acceptable boundary conditions 
which completely break T, i.e solutions with Oj = V i. (Remember that 
ai = a 7^ is a necessary condition in order for the solution to be accept- 
able) . 

Moreover, the solution / preserves the Time-Reversal, while the solution II 
partially breaks this symmetry and, in this case, the breaking is reflected 
in the fact that the field B^~^ does not transform coherently under T, as is 
evident in Table [331 



3.3 The algebra and the physics on the boundary 

In this section we will derive the algebra of local observables which is gen- 
erated on the boundary due to the residual gauge invariance of the theory, 
functionally described by the two Ward identities (|3.1ip and (|3.12|) . 
Next, we will argue that it is possible to describe the physics on the bound- 
ary in terms of two fields: a gauge fields and a scalar massless field A. 
We will derive the Lagrangian which describe the physics on the bound- 
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ary by interpreting the boundary algebra as a set of canonical commutation 
relations for the fields and A. 

3.3.1 The boundary algebra 

Despite the fact that the solutions listed in Table appear to be different, 
and depending on free parameters, the broken Ward identities for both of 
them are: 

oo 

dx3diJ% = a^^B'+ 

(3.23) 



/oo 
-oo 



We therefore remark that, as a matter of fact, a unique solution exists, which 
does not depends on any free parameter. We recall that the constant a was 
introduced in order to keep trace of the bulk dependence, but it is not a 
true coupling constant. We can therefore freely put a = 1 in what follows. 
If we evaluate the previous relations at the vanishing sources, we find that 
the following conditions must be satisfied on the mass-shell: 

di&+ = 

(3.24) 

e'^^djA+ = 0. 

We now differentiate the first identity in (|3.23p with respect to jj^(x'), with 
x' lying on the right side of the boundary X3 = 0, obtaining the following 
equation: 

5\d,5^^\x' -X)=dA/^^j,,{x\x)) , (3.25) 

Next, we express the propagator in (|3.25|) in terms of the T-ordered product 
as follows: 

(a^^^,(x',x)) , = e{t-t'w+{x)Ai{x')+e{t' -t)Ai{x')&^+{x). 

(3.26) 

If we substitute the previous identity in the equation (|3.25|) . we find that: 
5ldi5^^\x' -X) = 5{t - t')[&+{X),Ai{X')] + 

{e{t - t')diB'+{x)A+{x') + e{t' - t)A+{x')d,B'+{x)). 

(3.27) 
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The second term of the right hand side of the previous equation vanishes 
due to the second condition in (j3.24|) and we obtain: 

S{t - t') [B°+ (X) , Ai {X')] = 6jdi6^^^ {X' - X) . (3.28) 

If I = 1, 2, it is possible to factorize the 6{t — t'), finding that: 

[B^+{X),Ap{X%=t> = dp5^^Hx' - X), (3.29) 

where (3 denotes the indices 1,2. By now, we wiU denote the spatial indices 
with Greek letters. 

Next, if we differentiate the first identity in (|3.23p with respect to jj^(x'), 
with x' lying on the right side of the boundary, we obtain the following 
relation: 



ajA^^,(x',x) , =0. (3.30) 
^ ' ^ ^3=2:3=0+ 

The previous arguments applied to the equation (|3.3U|) lead to the following 

commutation relations: 

[B'>+{X),B+{X%=t> = 0. (3.31) 

In particular, if / = 0, the previous commutation relation become: 

[^o+(X),4+(X')]t=t' = 0. (3.32) 

Let us now consider the second identity in (|3.23|) . The differentiation of this 
identity with respect to Jj^i{x'), (with X3 = 0+), leads to: 

6^^'=(a^,^^(x',x)) , =0. (3.33) 

Taking into account the second condition in (|3.24|) . the previous identity 
furnishes the following commutation relations: 

[A+(X),A^+(X')]t=t'=0. (3.34) 

Next, if we differentiate the second Ward identities in (|3.23p with respect to 
jj^(x'), we find the following equation: 

{dj6i-dk5])5^'\x' -X) = 

\ ^ / X3=x'^=0+ ^ ^ / X3=x'^=0+ 

(3.35) 
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which does not provide additional commutation relations. 

In conclusion, the commutations relation (|3.29|) . (|3.32|) and (j3.34p form the 

following algebra of local boundary observables: 

[B^+{X),A^iX%=t> = dp5^^\x' - X) 

[^°+(X),So+(X')]t=t'=0 (3.36) 

[^+(X),^^+(X')]i=i'=0, 

which will be discussed in detail in the last section of this chapter, together 

with the other results. 

3.3.2 The physics on the boundary 

The conditions p.24p allow us to express the fields B^^ and A*"*" in terms of 
the potentials A and Q: 

(3.37) 

e^^%At = ^ At = d,A, 

where A{X) and C*(^) are such that [A] = and [C*] = 1. Notice that the 
symmetry, 

6A = c 

(3.38) 

where c is a constant and is a local parameter, leaves the fields and 
5*+ unchanged. Consequently, must be a gauge field. 

Furthermore, let us consider, for the moment, the boundary condition / 
in Table which preserves the Time-reversal symmetry. We can rewrite 
this condition in terms of the fields C ^ as follows: 

e''%Ck = -^d^A. (3.39) 

By now we set 02 = —2, (remember that we had not yet fixed this parame- 
ter). The massive parameter m in the equation ()3.39p allows to rescale the 
fields C and A as follows: 




(3.40) 
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Consequently, the rescaled fields have the canonical dimensions of a gauge 
field and of a scalar field in three space-time dimensions ([("*] = [A] = ^). 
With these conventions, the equation (|3.39|) becomes: 

e'^^djCk = d'A, (3.41) 

which is exactly the duality relation between a scalar field and a gauge field 
which is required to construct massless fermionic fields in three dimensions 
via the tomographic representation [S3]. This could be interpreted as the 
sign that the actual degrees of freedom of the 3D theory obtained on the 
boundary are fermionic rather than bosonic. We shall come back to this 
point in the conclusive Section [3.41 
We now consider the solution II in Table 13.21 

B'+ = -l{hie'^^djAt + a2mA'+). (3.42) 

It is evident that, if we evaluate the previous condition on the mass-shell, 
the term proportional to bi vanishes due to the conditions ()3.24p and the 
previous equation become equivalent to the boundary condition /. In other 
words, the only boundary term which breaks the Time- Reversal symmetry 
vanishes on the mass-shell due to the conditions arising from the Ward iden- 
tities evaluated at the vanishing sources and, consequently, the physics on 
the boundary always preserves T. 

Moreover, via this argument we can affirm that the duality condition (|3.4ip 
always holds, and the 3D physics we are discussing here is therefore uniquely 
determined. 

We now need to find a boundary Lagrangian for the fields Q and A 
which describes the physics on the boundary and which is compatible with 
the condition (|3.41|) . In what follows, we will show that it is possible to in- 
terpret the commutation relations found in the previous section as canonical 
commutation relations for the fields Q and A and to construct a Lagrangian 
from these relations, doing the contrary of what is commonly done, which is 
to find the canonical variables and their commutation relations from a given 
Lagrangian. 
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Firstly, we consider the equation (j3.28p with I = 0: 

S{t-t')[B^+{X),Ao{X')]=6'{t-t')5^^\X -X'). (3.43) 

If we express the previous identity in terms of the fields and A, we obtain: 

5{t - t')d'o[e^^d^C,{X),A{X')] = 5'(t - t')5^^\x - X'), (3.44) 

where we have factorized the operator &q on the right hand side since it 
acts only on the field A. It is easy to see that that 5{t — t')&Q = —5'{t — 
t') and, consequently, we can factorize the 6'{t — t'), finding the following 
commutation relation: 

[A{X'),e^''dpC,{X)]t=t' = S^^HX - X'). (3.45) 
Secondly, we consider the first commutation relation in (|3.36|) : 

[B^+{X),Ap{X%=t' = dp5^^\x' - X). (3.46) 

If we express the previous identity in terms of the fields A and we find: 

d,[e^^(:p{X),d'sK{X%=t, = 5jd,5^''\r - X), (3.47) 

and it is evident that the previous relation is compatible with the following 
equation: 

[e^^Cp{X),d',k{X%=t, = SIS^'^XX' - X). (3.48) 

We are now ready to construct the Lagrangian. The commutation relations 
(|3.45|) and (j3.48p allow us to interpret the fields ^[K) = ^"'^daCfS and ^(()a = 
(9qA as the conjugate momenta of the fields A and = e^'^C/? respectively. 
With these assumptions, the Lagrangian of the system is given by: 

£ = ^n6-i7, (3.49) 

where H is the Hamiltonian of the system. If we assume that H contains 
only the kinetic term, (i.e. H = J2 ^n^), C is given by: 

C = e'^^daC^dtA + 9«Ae°^9tC/3 - ^ie^^d^C^f - ^{d^Af, (3.50) 

which is equivalent to the Lagrangian postulated in ^30j for the study of the 
topological insulators. Moreover, if we omit the kinetic term, C is equivalent 
to the Lagrangian considered in [21] to study the edge states of the 4D BF 
theory. 
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3.4 Summary and discussion 

The main results presented in this chapter are 
1) Ward identities in presence of a boundary 



/ + 00 
dx3diJ\. = diB'+ (3.51) 
-oo 

/ + 00 
dx^e'^^djJj^, = -e'^'^djA^. (3.52) 
-oo 

Quite remarkably, the apparently distinct solutions I and II of Table 3 phys- 
ically coincide, since they lead to the same Ward identities on the boundary. 
This is the first evidence of the striking electromagnetic structure which 
determines the physics on the boundary, as we shall discuss shortly. In ad- 
dition, despite the fact that the solutions depend on free parameters, when 
put into the Ward identities (j3.51|) and (|3.52|) , which contain all the physical 
information, these disappear. The separability condition isolates a unique 
dynamics on the boundary, without any dependence on free parameters. 
2) electromagnetism on the boundary 



diB'+ = ^ = e'^^djCk (3.53) 

e'^^djAl = ^ Al = dkK (3.54) 

On the boundary X3 = 0, and on the mass shell = ^ j ~ ^ 
stress this double constraint defining the boundary), the 4D topological BF 
theory displays Maxwell equations for an electric field and a magnetic field, 
to be identified with the boundary insertions B''^ and Af , respectively. 
This is a direct consequence of the result 2). Consequently, two potentials 
can be introduced: an electric scalar potential A(X) and a magnetic vector 
potential C*(-'^)i depending on the 3D coordinates on the plane X3 = 0: 

X = {xo,Xi,X2). 

3) duality 



(3.55) 
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The solutions of Table 3, i.e. the possible boundary conditions on the fields, 
translates in the "duality" condition between the potentials (|3.55|) . This 
confirms the fact that the dynamics on the boundary is uniquely determined 
by the Ward identities (|3.51|) and (|3.52|) . We find here, in a well defined field 
theoretical framework, a strong motivation for a relation which is known 
since a long time [S3], where this duality (or "tomographic") relation was 
introduced to give a Bose description of fermions in 3D. For us, this condition 
is nothing else than the unique boundary condition on the fields A*"*" = 
J written in terms of electromagnetic potentials defined by the boundary 
Maxwell equations ()3.53p and ()3.54p . This strongly suggest that the actual 
degrees of freedom of the dimensionally reduced 3D theory are fermionic, 
confirming recent developments concerning the edge states of topological 
insulators, which seem to be described in terms of fermion fields [27\ . 
4) 3D boundary algebra 

[50+(X),4+(X')]t=t'=0 (3.56) 

[A+(x),^^+(x')W = o, 

On the boundary, the above algebra is found. It is formed by a vectorial, 
conserved current, whose 3D components are the insertions of the fields on 
(one side of) the boundary {B^~^{X) and A'^{X) a = 1,2, related by the 
duality-boundary condition / in Table 13. 3|) . We stress that the conserva- 
tion of the current is obtained on the mass-shell, i.e. at vanishing external 
sources J^. This is in perfect analogy with what happens in the 3D CS 
and the 3D BF theory. In all cases, the conservation of the currents comes 
from the Ward identities of the residual gauge invariance broken by the most 
general boundary term respecting Symanzik's separability condition, going 
on the mass-shell, and exploiting the boundary condition previously found 
on the quantum fields. The physical interpretation of the current conserva- 
tion is different, since in the 3D CS and BF cases, it leads, thanks to the 
boundary conditions, to the chirality of the currents. In the 4D BF case 
the current conservation (j3.53p (again, together with the duality-boundary 
condition ()3.55p ). is tightly related to the electromagnetic structure and the 
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consequent determination of the electromagnetic potentials. 
5) canonical commutation relations and dimensional reduction 



A(X),n(A)(X')]^^^, = (3.57) 
r(X),%)^(X')]^^^, = 5^5(2)(X-X0, (3.58) 

where ^(a) = ^°'^daCi3 and 11(^0, = 5q,A are the conjugate momenta of the 
fields A and C° = e'^^Cp respectively. The point to stress here, is that, 
written in terms of the electromagnetic potentials (j3.5ip and (j3.52p . the 
boundary algebra ()3.56p can be interpreted as a set of canonical commuta- 
tion relations, for the canonically conjugate variables. Once realized this, 
it is almost immediate to write down the corresponding 3D Lagrangian, 
which is uniquely determined by our procedure. Indeed this analysis can 
be viewed as a systematic way to find (D— l)-dimensional Lagrangian out 
of D-dimensional bulk theories. It is a surprising and welcome result, that 
this new way of dimensionally reducing D-dimensional theories originates 
from the algebraic structure found on the boundary, interpreted as a set of 
canonical commutation relations, and which comes from the Ward identities 
describing the residual gauge invar iance on the boundary and broken (by 
this latter) in the most general (and, as it turns out, unique !) way compat- 
ible with the Symanzik's simple criterion of separability. 
6) 3D Lagrangian 



= e^^d^CA^ + daAe^^dtCi, - ^(e"^5„C/3)' - ^ida^f (3.59) 

This is the 3D Lagrangian obtained on the mass-shell boundary of the 4D 
topological BF theory. It is the unique solution compatible with the QFT 
request of locality, power counting and with the Symanzik's request of sep- 
arability. It is left invariant by gauge and translational transformations. It 
is non-covariant, and its dynamical variables (scalar and vector potentials) 
are coupled in a non-trivial way. Quite remarkably, this action, uniquely 
derived here by very general QFT principles, coincides with the one studied 



3.4. Summary and discussion 



65 



in [5T] for the edge states of the 4D BF theory, where, the same algebraic 
origin is stressed. In a completely different theoretical framework, the action 
(|3.59|) is employed to study the surface of 4D (3+1) topological insulators 
[3D]. The duality relation (|3.55|) is there exploited to extract the desired 
fermionic degrees of freedom. 
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Appendix A 

The propagators of the 
three-dimensional BF model 



(A.l) 



In this appendix we furnish some details on the calculations of the propa- 
gators for the three-dimensional BF model. 
The free equations of motion for the theory are: 

dB^ - duB"" + J% = 5{u) [qi (Al a2B\ + a^W_] 

duB" - dB^ + Jf = d{u)[aiiAl + A^) + a3Bl + 02^^] 
dB"^ - dB" + 6« + J^^ = 

AS + JS = o 

dAl - duT + J% = 5{u)[a3A% + aaX + ai{B% + B^^)] 
duA" - dAl + J^ = 5{u)[a2Al + agA^ + 04 (5+ + S-)] 
dA" -dA'' + (f + J% =0 
B^u + JS = 0. 

If we differentiate the previous equations with respect to the sources J^(x'), 
we obtain a system of equations involving the propagators of the theory 
A^^(x',x), the solution of which is reported at the end of this appendix. 
In what follows, we will derive one of the algebraic compatibility conditions 
between the propagators and the equations of motion (|2.34|) and one of the 
compatibility conditions between the propagators and the Ward identities 
()2.40p , in order to make more transparent the steps done in Chapter [2l 
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For example, let us derive the eighth relations in (j2.34p . In order to do this, 
we differentiate the second equation in (|A.ip with respect to J'^{x'), finding 
that: 

duA%{x',x) - d/\%Sx\x) =5{u)MA''Mx\u = 0+) + A^"^(x',n = 0")) 

+ a:i\%{x\u = 0+) + a2^%{x',u = 0")]. 

(A.2) 

Then, we substitute the general solution for the propagators (jA.lOp in the 
previous equation and we expand the derivative with respect to n, finding 
the following relation: 



s{u){e{u') - ei-v!)) 
5{u) \ai{e+ + e^) 



2TTi{z - z'Y 



—2 + (036*+ + a20^ 



as 



2Tii{z-z'Y ^ ^ '2Tii{z-z'Y 
If we require that u' > 0, the previous relation become: 

1 



(A.3) 



(0104 + asias - l))S{u)- 



0. 



(A.4) 



27ri(z - z')^ 

Consequently, if we impose the equation ()A.4p to be valid for every pair of 
point X and x' , we obtain: 



as{l — 03) — 0104 = 0, 



(A.5) 



which is the relation we are searching for. 

The remaining equations in ()2.40p can be derived in the same way, by dif- 
ferentiating the equations of motion with respect to the appropriate source 
and by substituting the general solution for the propagators in the equation 
found. 

As regards the compatibility conditions between the propagators and the 

Ward identities, we derive the second equation in ()2.40p . 

Let us also consider the following integrated Ward identity with a boundary 

term: 

/oo 
du{dJ^{x) + dJ^{x) - r^^J^^^) = - ai{dAl + + dA^ + 
-00 ^ 

- as {dB\ + dBt + dBl + dBl). 

(A.6) 
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If we differentiate the previous identity with respect to J^{x') we obtain, 
keeping into account the relation S"'^f"'^<^ = Q: 

6{z- z')5'{z-z')6^'' = 5"^' 





u 


= 0-* 




u 


= 0^ 


'))+ 






u 


= 0" 




u 


= 0~ 


"))+ 


(A.7) 




u 


= 0^ 


-)+dA%{x' 


u 


= 0^ 


1)+ 






u 


= 0" 


-)+dA%{x' 


u 


= 0" 







This accompHshed, we substitute the general solutions for the propagators 
in the previous equation and we set u' > 0. Keeping in mind the identity 
= -^fi^' find: 

5{z- z')5'{z-z')6''^ = 5"^' 

- (aias + a2(a6 - ai))dd-——^ — — - + (0201 + 02(1 + aj))5(z - z')5' {z - z') 

2m{z — z ) 

(A.8) 

Then, if we impose the previous relation to be valid for every pairs of point 
X and x', we find: 

0102 + (1 + a7)«2 - a^ai - (ag - 07)02 = 1, (A. 9) 

where we have used the relation d ^^.^l_-,-^ = 5^'^\Z — Z'). The equation 
(jA.OP is the compatibility condition we are searching for. 
The remaining equations in (|2.4U|) can now be derived from the integrated 
Ward identities (j2.38p and (j2.39p in the same way. 



AB 



^ a2(5(2) dTa,ix',x) oZTjf^ Ta,-a,{x',x) (oi + 02)^^) \ 



a2^(2) 2^7(1^ -dTa,{x,x') Ta,{x,x') 2.%-l>Y -(02 + 05)95(2) 

-5(3) 



-dTa^ix.x') dTae{x',x) -5'^^\x-x') (209 +08 +010 = 595(2) _(a8 + 09)95(2) (09 + 010)95(2) (1 + 03 + 06)995(2) 

2^iCz-z'y^ Tar{x',x) (08 + 09)95(2) 2.iCz-z'r^ "S'^^'^ ^ OTa.+aA^' , x) 

Ta,-aAx,x') 2^T{^--zr ^ - (flg + Oi095(2) a95(2) 2^^0^ -9r,3^„,+a,_,, (x, x') 

-5(3) 

\^-(oi+ 02)95(2) (02 + 05)95(2) (1 + 03 + 06)995(2) -dTa,+ar{x,x') dTa,-a,-ae-ar{x' , x) -5(3) (2o2 + Ol + 05995(2) 

(A.IO) 



The indices A and B denote the ordered set of fields {A, A, Au,b, B, B, Bu,d}. As was previously done, A^ab can be obtained from A^ab by a 
parity transformation. Tp and 2Tri(z-z')'^ tempered distributions defined in (jl.Sip and (jl.64p . 
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The propagators of the 
four-dimensional BF model 

In this appendix we will illustrate how to derive the propagators of the 
four-dimensional BF model, keeping into account the boundary conditions 
obtained Section 13.2.11 

As usual, due to the separability condition, the propagators of the theory 
assume the following form: 

A^,^,(x,xO = 9ix3)e{x's)A+^^^ix,x')+ei-X3)e{-x'.,)A~^^^{x,x'), (B.l) 

where A^^^^ ^i^d ^^j^ip2 solutions of the system of equations for the 
propagators obtained by differentiating the equations of motion (|3.10p with 
respect to the sources of the fields. They must be compatible with the equa- 
tions of motion (|3.14|) and with the Ward identities (|3.15|) and (|3.16|) . Since 
^^1^2 transformed into each other by a parity transforma- 
tion, in this Appendix, we will derive a solution for A+^^^j where X3, > 0. 
(In what follows we omit the apex +). 

If we differentiate the equations of motion (|3.1U|) with respect to the sources 
of the fields, and we evaluate the expressions obtained at the vanishing 
sources, we find a system of equations involving the propagators of the the- 
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ory: 



Aa3V.(2;, x') = V ipix') ^ b{x) 

AAgb{x, x) = -(^^■*) (x - x) 
A^«^(x,x') = ^ i){x') ^ d\x') 

As.^,^{x,x') = -d\6'^^\x-x') 

d3A.^,{x',x) = -^M'^\x-x') 
' a 

dsA^i^^ix'^x) = 
d3A^^,{x',x) = 
a3A,^5,(x',a;) = 2e'^,a,,5W(x-x') 
d3AAiA^{x',x) = 

' a 
d3A,A^{x',x) = -di5^^\x' -x) 

d3AdiA^{x',x) = 

AAib{x',x) = adiA^^^,{x',x) 

^Bibix'.x) = a^^A^^^,{x',x) 

Abbix',x) = adiA^^,{x' ,x) 

Adib{x',x) = adiA^^^,{x' ,x) 

AA,d^ = -2a€'^^djAAiAdx',x) 

A,,,,(x',x) = -2ae^^-'=5,A,,A,(x',x) 
A,^,(x',x) = -2ae'^''djAbA,{x',x). 



Notice that it follows directly from the gauge conditions, i.e., from the last 
two equations in (|3.1U|) , that the Green functions containing A3 and Bi^ are 
all zero except AA3fe(x,x') = — (^^^^(x — x') and Agis^^^ (x, x') = — 5*^(5^^^ (x — 
x') and, for this reason, we do not list these propagators in the following 
developments. 
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Consequently, the most general solution of the previous system is: 



Aab(x',x) = 

( E{{X,X') -§T,(x,x') -2ae%d,Ei^{X',X) -diT,{x,x') ^ 

-§r,,(x',x) ^HX,X') 2e'\djT,,{x\x) adi^li{X,X') 

-2ae\dj3l'{X',X) 2e%djTs{x,x') Aa^e%dje^PdpEP{X, X') 

diTy{x',x) ad^^l{X',X) ad^diQi{X,X')j 

(B.3) 



As above, we have used the matrix notation and the indices A and B 
denote the ordered set of fields {A^,B^, d*, 6}. T^{x, x') is the tempered dis- 
tribution {e{x3-x'^)+Tp)5^{X-X'), Ei{X,X') and are arbitrary 
function of the transverse coordinates X and c, ci , 7, and 6 are arbitrary con- 
stant parameters. 



Let us consider the boundary conditions / and // in Table (|3.3p . For 
both these solutions the Ward identities ()3.17p and ()3.18p take the following 
form: 



dx2,diJ\i 



d.B 



i+ 



/oo 
dx^e'i'^djJ^, = -ae'i^djAl. 
-00 



(B.4) 



If we differentiate the equations ()B.4p with respect to the sources J^i(x'), 
J^i{x'), J^i{x') and Jb{x'), we obtain eight relations involving the propaga- 
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X3=0 



(B.5) 



2:3=0 



tors of the theory: 

dJA^^^..{x',x)) =0 
dJA,^^.ix',x)) =0 
9i(Aj,5,(2;',x)) =0 

V / 2:3=0 

\ / X3=0 

e'^''d,6M6'^'Hx' -X) = -ae'^'^d,[Ai,^^^{x\x 
^''%{^d,A,{x\x))^^^^ = Q 
e^^'d,[A,A,{x',x))^^^^ = Q. 

If we substitute the propagators ()B.3p in the previous system of differential 
equations we obtain the following constraints on the parameters c and ci: 

c = -1 

(B.6) 

ci = 0. 

Moreover, it is necessary that the Green functions involving the Lagrange 
multipliers h and are compatible with our choice on the behavior of these 
fields in the limit X3 — ^ cxd, (remember that we postulated the condition 
6(x3 = ±00) = (i*(x3 = ±00) = 0). In other words, we have to impose the 
following constraints: 

lim 2eHar5(x,j;') = 
lim diT^{x , x) = 0, 

2:3— >+oo 

which yield the following conditions on the parameters 7 and 5: 

5 = 

(B.8) 

7 = -l. 

Regarding the propagators Aj^^j^i{x' ,x) and A^^^i(x',x), we have decided 
to require that these two Green functions are symmetric in the exchange 
o {x' ,1] since, in this case, the two fields involved are equal (in fact 
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they are diagonal terms of the matrix of the propagators). As a consequence, 
keeping into account the second and seventh equation in (|B.5p , we obtain 
that the functions X') and 0,i^{X,X') take the following form: 

EnX,X') = mviX-X') ^^^^ 
ni{X,X') = e'^^d.erdr^UX - X'), 

where r/ is a dimensionless scalar function of X — X' and ipks is a function 
with two vector indices such that [(/?] = 2. 
Consequently, the propagators (|B.3p become: 

Aab(x',x) = 

( did^r]{X - X') -fT_i(x,x') -diT.i{x,x'^^ 



4?o(x', x) €'^%erdripks{X - X') 2e%djTo{x', : 



2e%djTQ{x,x') 

a,;T_i(x',a;) ^ ) 

(B.IO) 

Finally, we make a comment on the method used to derive the propa- 
gators in this Appendix. In Chapter 2 we found the propagators by solving 
the system of equations for the propagators arising from the free equations 
of motion and by fixing the arbitrary parameters of the solution found by 
means of the compatibility relations resulting from the Ward identities and 
from the equations of motion with a boundary term. Conversely, here we 
have used the equations of motion with a boundary term in an indirect man- 
ner, i.e., by substituting the boundary conditions found with the algebraic 
method into the Ward identities and by using the relations obtained to fix 
the arbitrary parameters of the propagators. It is apparent that the two 
approaches coincide. In fact, while in Chapter 2 we read the boundary con- 
ditions from the propagators, in this Appendix we use the condition found 
with the algebraic method to obtain propagators which are compatible with 
these boundary conditions. 
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Conclusions 



In this thesis we studied the Symanzik's method for the introduction of the 
boundary in a field theory and, specifically, we applied this method to three 
Topological Field Theories of the Shwartz type: the non-abelian Chern- 
Simons model, the non-abelian three-dimensional BF theory and its abelian 
four-dimensional version. 

In particular, the original findings of this thesis comes from the analysis of 
the BF model in three and four space-time dimensions. 
Regarding the three-dimensional model we compared two methods known 
in the literature for the computation of the boundary conditions, [121 132] • 
In the method used in [TP] the direct calculation of the propagators is nec- 
essary while the technique used in [52] avoids the computation of the Green 
functions. However, the second method have some complications since it 
provides a certain number of additional boundary conditions which are non- 
acceptable. As illustrated in Chapter 2, we found that the boundary term in 
the action plays the role of the gauge fixing of the residual gauge invariance 
of the theory on the boundary. This original interpretation of the boundary 
term of the action allow us to establish a set of criteria in order to discard 
the additional boundary conditions furnished by this method without the 
need to compare the result with those obtained by calculating the propaga- 
tors. 

These criteria were extremely useful in the analysis of the four-dimensional 
BF model, as illustrated in Chapter 3, (for a detailed discussion of the re- 
sults of Chapter 3 see Chapter 3, Section [3. 4|) . Our main findings here is the 
characterization of the dynamics on the boundary of the model. In fact we 
found that, due to the residual gauge invariance of the model, on the bound- 
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ary and on the mass shell, the 4D BF theory displays Maxwell equations 
for an electric field and a magnetic field. Consequently two potentials can 
be introduced: an electric scalar potential and a magnetic vector potential, 
depending on the 3D coordinates on the boundary. 

Furthermore, the only acceptable boundary condition which we found us- 
ing the criteria established in Chapter 2, translates in a "duality" condition 
between these two potentials. This duality condition is exactly the rela- 
tion which is necessary to give a Bose description of fermions in 3D. This 
strongly suggest that the actual degrees of freedom of the dimensionality 
reduced 3D theory are fermionic, confirming recent developments concern- 
ing the edge states of topological insulators, which seem to be described in 
terms of fermion fields. 

Moreover the algebra of local boundary observables, which exists due to the 
residual gauge invariance of the bulk theory, can be interpreted as a set of 
canonical commutation relations which allowed us to construct a boundary 
Lagrangian and to complete the description of the dynamics on the bound- 
ary. 

Both the boundary algebra and the boundary Lagrangian which we found 
were already studied in literature |2H [5U] , but our main finding is to derive 
these quantities solely on the basis of principles of field theory without the 
need to introduce any additional assumption, as was done in [SUED]. 

Regarding the future developments, it will be possible to study the 
non-abelian four-dimensional BF model with a boundary in order to ver- 
ify whether this model has some differences compared to the abelian case, 
or to study the five-dimensional BF model in order to analyze the dynamics 
on its four-dimensional boundary. 
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